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1 Introduction

The 2008 financial turmoil itself, and the process of de4lageng by the private sector observed in the follow-
ing years, have drawn the attention to the crucial role diities a factor leading both to the instability of the
system and to a strengthening of real-financial linkageseneiconomy. This view, which was central to the
work of Hyman Minsky, is also supported by the vast histdresadence presented in Schularick and Taylor
(2012), which highlights that credit booms tend to be folkalby deeper recessions when compared to othe
financial crises episodes.

A formal investigation of these phenomena from a Minskyamdpoint requires the integration of the
financial and economic systems in a demand-driven macroetermodel. A seminal formalization of a Min-
sky crisis generated by self-fulfilling expectations waglmby Taylor and O’Connell (1985) using a Kaleckian
model, but without dealing explicitly with the role of delidelli Gatti et al. (1993) and Fazzari et &al. (2008),
among others, have used aggregative dynamical models tesexg the interaction between business debt
and aggregate fluctuations, while Chiarella and Di Guilmil{P0and _Lima and Meirelles (2007) introduced
a micro-level analysis that explicitly considers Ieverzh@daerogeneit@. An alternative, which has received
renewed attention after the crisis (Khalil and Kinsellal 20Bezemer, 2010), builds on the traditions of Tobin
(1969) and Godley and Lavoie (2007) to take into account@Ai$lof income between sectors in the economy,
as well as their accumulation into financial and tangibletss a Keynesian setup. Besides allowing for for-
mal Minskyan analyses of corporate debt and financial fitggiDos Santcs, 2005), the so-called Stock-Flow
Consistent (SFC) models have recently been used to study tbe@sanomic effects of shareholder value
orientation and financialization (Van Treeck, 2009), htwode debt accumulation (Kim and Isaac, 2010), and
other related issues.

The traditional limitation of this type of models, howewerthat of dealing with economic behavior only in
aggregative terms, thus excluding the heterogeneity aitages a source of financial instability. The relevance
of a microeconomic analysis in modeling financial fragiWtsas stressed by Minsky himselfafi ultimate
reality in a capitalist economy is the set of interrelateddmre sheets among the various uhif®linsky,
2008, 116). Taylor and O’Connell (1985) remark thahifts of firms among classes as the economy evolve
in historical time underlie much of its cyclical behaviorhi$ detail is rich and illuminating but beyond the
reach of mere algebia It is thus for understanding the economy as an “out-of#dgium” system while
allowing for heterogeneous microeconomic behavior (B@&diti et al., 2005, 2010), that the literature based
on the so-called agent-based models (ABMs) has proven to bgefol for the analysis of financial instability.
Nevertheless, for using a fully bottom-up approach, thgetpf models often lack a clear macroeconomic
closure and are hard to connect to other macro analyses.

The starting point of this paper is to see agent-based, SKEC ranore generally, Keynesian-Kaleckian
macroeconomic approaches as complementary in their uaddisg of the crucial role of real-financial link-
ages for the instability of the economic system, as wellasi@croeconomic dynamﬁ:sMoreover, we aim
to contribute in filling what we consider to be a weakness ithlthe SFC and ABM approaches, namely its
full reliance on numerical and computational solutions.e Thain problem with solving these models only
numerically is that model results are usually very sensitos parameter configurations, making it very diffi-
cult to establish general relationships between macro aoaariables, as well as causality links within the
system. In order to provide a few analytical insights thdt add to the numerical simulations of the model,
we perform an aggregation of heterogeneous agents by méansrmovative analytical methodology origi-
nally developed in statistical mechanics and recently irtgabinto macroeconomics (see Aoki and Yoshikawa,

1See Chiarella and Di Guilmi (2012) and Lavoie (2009) for mexbaustive surveys of the Minskyan formal analysis.

2Such complementarities are clear in Godin and KinsellaZzp0thich combines the two approaches in a study of the iotiera
of banks and firms in the leverage cycle. A dynamic micro-macralysis is also developed in the work by Dosi et al. (204B)ch
builds an agent-based Keynesian model for the study ofdotens between income distribution and monetary and fisaadies.



2006; Di Guilmi, 2008; Foley, 1994; Weidlich, 2000, amonges). This modeling approach builds from the
idea that, as the economy is populated by a very large nunifiliéssamilar agents, an analytical model cannot
keep track of the conditions of every single agent at eacaht jotime. As Aoki and Yoshikawa (2006) remark:
“the point is that precise behavior of each agent is irreléav&ather we need to recognize that microeconomic
behavior is fundamentally stochastid herefore, a microfounded analytical model should lobk@v many
agents are in a certain condition, rather than at which agemid represent their evolution in probabilistic
terms. This approach is particularly suitable to microfdumacroeconomic models, since it is able to en-
dogenously derive the macro-equations and the dynamicews firom the microeconomic behavioral rules,
without imposing ad-hoc constraints.

Hence, the contributions of this paper are basically thfd® first is mainly methodological, and consists
in the integration of the numerical and analytical solusiai an agent-based model, further developing the
seminal insights provided by Chiarella and Di Guilmi (201T)orshow that the master equation solution can
replicate the results of the simulations of a multi-agentlelo Besides helping us open the “black box” of
the simulations, the analytical approach allows for a fewegalizations and a better assessment of the role o
heterogeneity in levels and dimensions in relation to a rhoraogeneous microeconomic setup.

The second contribution, also methodological, concerasrhovative approach to the microfoundation of
stock-flow consistent modeling. The macro-equations oatigregate model are here generated endogenousl
in a bottom-up approach, starting from the behavioral eqndor agents. Consequently, the steady-state
analysis is able to assess the impact of the balance she&usés of firms on the macroeconomy.

The third contribution is to explore micro and macroecoroaspects leading to the emergence of short-
run fluctuations and long-run instability of the economistsyn. In particular, the paper shows how the diverse
financial structures of firms can determine the evolutiorheféconomy, as stressed in Minsky’s narrative. As
the objective is not to fully represent the behavior of angtipalar economy over time, but rather to provide a
few methodological and theoretical insights for the analg$ leverage and financial instability, the model we
present is particularly simple and stylized, but it is sillle to point toward the usefulness of the method for
more realistic settings.

The paper will be structured as follows. Section 2 presédmstructure of the agent-based model. Results
of the numerical simulations are then illustrated in sed8oSection ¥ specifies the dynamics of firms’ transi-
tion between states, as well as the mean-field approximptimeedure we use for the analytical solution of the
model. In Sectionl5, we perform steady-state and stabifigheses of the system of differential equations for
the joint evolution of firms’ aggregate leverage and the propn of firms in different financial states. Section
concludes the paper and points toward future developments

2 The model

The economy described in this paper is composed by firms,eholds and a financial sector. Following

Kalecki (1971), firms are assumed to set the price as a madaupe unit cost of labor, while holding excess

capacitﬁ The mark-up, and hence the functional distribution of inedmetween wages and profits, will be

assumed to (exogenously) depend on the degree of induginakntration and the relative bargaining power
of workers and capitalists in the labor market. The modekimand-driven in nature: output is always below
potential, which allows for investment behavior to be d@ieed independently from savings. The degree of
capacity utilization of firms, which depends on the quarthigy sell in each period, will take the adjusting role

for the macroeconomic equilibrium in the goods market.

Firms are divided into two classes and can switch between.thi¢hile hedgefirms pay all their interest out

3See Rowthorn (1982), Dutt (1984) and Taylor (1985) for eagg—Kaleckian models in this tradition.



of gross profitsspeculativdirms’ profits are lower than their financial commitments ia turrent peridﬂl The
method proposed in Sectibh 5 will analytically identify tledationship between the share of firms in each class
and the aggregate leverage dynamics. There is no micro&iandfor the household sector, which is treated
as an aggregate for simplicity. Their income is composedaifes and a component of profits distributed by
firms. Households accumulate their entire stock of wealthenform of money deposits.

Finally, the financial sector is also considered as an agégedts basic role is to provide loans, hence
holding debt (or firm bonds) as an asset and to create mon®gitepndogenously as liabilities, while setting
an exogenous interest rate.

2.1 Firms

A single firm is identified by the superscriptwhile its state (speculative or hedge) by the subsariptl, 2.
Firm level variables are indicated by small letters whilgr@gate while variables are represented by capital
letters. Thus when a variable is writtenxais it refers to the firmj belonging to state 1. A lower case variable
with only the subscriptx;, indicates themean-field valuewhich, as detailed in sectidn 4 below, is a single
value that replaces the vector of observations in each gr@ymbols without superscript or subscript refer to
aggregate variables. The numbers of firms in each group dieabed byN; andNy. In a simplification of the
Minskyan terminology, we define two classes of firms, depamdin the sign of their retained profis, here
defined as the difference between gross profits and inteagstgnts:

e z=1: speculativdirms, whose gross profits in the current period are less thficient to pay interest
on accumulated debt, requiring a new increase in debt.
al <0; 1)

e z=2: hedgefirms, whose profits in the current period are more than saffidio pay interest on accu-
mulated debt.

al >0 2

The investment function for the firmis given bﬁ
ii,t = iOsz,tfl—'— az PGy + B p_y —A b, 3
=ioKy, 1+ (azm+B)pg_; —A b, (4)

whereq/! is the quantity sold by the firmiz is the share of profits in outpup is the final good’s priceb is
the firm’s outstanding debt and,az, 3,A > 0 This specification is the equivalent in levels to the stathda
neo-Kaleckian specification in which the gross percentdgage in capital before depreciation is a positive
function of the gross profit rate and the degree of capadilliyaﬂor@.

“4In the Mynskian terminologyPonziagents are distinguished fraspeculativeagents for their income is never sufficient to make
interest payments, requiring new borrowing at every peridds distinction will not be made here for simplificationrposes.

SFor computational needs, in the multi-agent simulationseresider a sequential economy that evolves in discretg inekthe
model will be presented accordingly.

5When technology exhibits fixed coefficients and the labor Buisdnfinitely elastic, it is possible to define the potehtiatput
only as a function of capital so that . .

& =1/yk (5)
where the inverse of capital productivityis a constant parameter, which can be normalized to one figpligity. The degree
of capacity utilizationu! of each firm, defined as the ratio of actual outglisold by the firm to potential outpwfl can thus be
approximated to the actual output-to-capital ratie %.



The positive effect of the profit rate on investment decisicen be justified based on two different channels:
(i) it determines the level of internal finance availableifarestment, and (ii) it gives the return on productive
capital, thus providing an incentive for firms to invest. Whiecomes to the magnitude of the parameter
the formulation recalls the onelin Delli Gatti et al. (1998here the sensitivity to internal finance analytically
devices the Minskyan borrower’s and lender’s risk. Follogyiazzari et all (1988) and Delli Gatti et al. (1993),
we assume that1 > ap, that is speculative firms are more sensitive to internahteaas they face the risk of
bankruptcy and change their behavior in order to minimize it

Investment decisions to expand the available capital sttatkrespond positively to firms’ sales, as higher
demand and a higher use of the existing capacity cause firegnd their desired productive capacity and
potential output. Finally, the third term[ih 3 allows thedéwf outstanding debt to inhibit investment decisions,
as firms face higher balance sheet constraints. Equéfiahy@8)involves three factors: a micro-effebt, a
meso-effectd,) and a variable combining micro and macro effeg.(

The quantity actually sold by a firm is subject tpeeferential attachmerghock. Total deman@Q(t) is
determined as the macroeconomic level from aggregatetmess and consumption, but its distribution among
firms needs to be identified. We assume that this distribuigrartially stochastic. In particular, demand
is allocated based on the relative of size of firms (proxiedH®ir stock of capital), to which a stochastic
idiosyncratic shoclsis added. The expected market share of fjrimhence

) j
Elq) =Qt% 6)

where ( is the total demand, given by the consumption of managersnageg earners, anld represents
the aggregate capital for the whole econ@ml;befining S'as a uniformly distributed stochastic variable with
E[§ = 0, we set

j
sl K
in order forz'\' g’ = Q. Accordingly the quantity actually sold by the single firm is
o = Eldl] [1+¢| (®)
Firms will set prices in oligopolistic markets by applyingreark-up over unit labor costs:
w
p=(1+H) I3 9)

wherep is the mark-up ratey is the nominal wage anél = Q/L is labor productivity.
With u taken as a parameter, the mark-up rate is constant and thiedhare of outpuW is also given
exogenously from:

wl 1
P=-_""__- 10
pn 1+up (10)
The gross profit share of aggregate outfuwill then be given by
U
M=1-Y=—- 11
ey (11)

"Hence, larger firms are expected to have a greater market ahdr consequently, to grow faster. This implicitely iduwoes
a market competition mechanism with evolutionary featumeshich the selection process is financial and not techoldgs in
Nelson and Winter (1982).



As previously described, each firms’ retained profits aremaed as the difference between its gross profits
and the net interest it pays on debt, at an exogenous intatest Since the flow of gross profits is given by a
constant sharBl of each firms’ output from the mark-up rule, retained proféa be expressed as:

al =MNpd —ib]_, (12)

A firm will be assumed to default i) /k! > ¢, wherec is set as a positive constant. The probability for
a bankrupted firm of being replaced is modeled as directlpgntional to the performance of the economy in
the previous period.

The increase in the stock of debt in the caskexdgefirms will only occur when desired investmeht- al,
which requires firms to seek external finance for capital adation. Whenevea! > il, firms will (partially
or totally) repay their stock of debt and distribute any remmay profits to managers.

Hence, the law of motion of firms’ bonds wheh< i{ +b/_; can be written as:

Abl =il —a) (13)
Whenevelatj > itj + btjfl, the previous stock of debt is entirely repaid, so that
Abl = —bl | (14)

and the remainde@tj = at‘ - itj - btj_1 > 0 is distributed to firms’ managers (households), as will be d
scribed in subsectidn 2.2.

2.2 The household sector

As described in the previous subsection, workers earn wagekich add up to a constant sha#kof total
outputQ, and managers receive an amo@nt y ; © from firms’ excess profits.
Households’ total disposable incoriés composed by wage and profit earnings:

Yo =W¥pQ + 6 (15)
Households’ wealth is accumulated as an effect of saviigghe form of money depositd,

AWM =AM = S (16)

where savings$ are defined as the difference between households’ disgosatdme and consumption levels
S=%-GC.

Finally, consumption spending will be assumed to be a fixeggrtion of disposable income and wealth, as
in standard in SFC models (Godley and Lavoie, 2007). We withier assume that the propensity to consume
out of wages is different (higher) than the propensity tostone out of distributed profit® = 3 ; ©l. The
hypothesis of differential savings among income groupsoaias classes have been a key feature in neo—
Kaleckian models since Kaldor (1955 - 1956) and Kalecki ()97

G=(1-sp)¥pQ+(1-5)6t+(1-0)W1 (17)

where 0< sy, sq,0 < 1 ando are the propensities to save out of wages, distributed piexfil wealth, respec-
tively.



2.3 The financial sector

The financial sector is considered as an aggregate. It graes fto firms, hence holding bonds as an asset, an
creates money deposits endogenously. It charges an exagyenierest rateon bank loans.

Since money deposits are assumed to earn no interest, estshpayments by firms allow the financial
intermediary to accumulate net wordh, according to:

AQY =By 4 (18)

2.4 Goods market equilibrium

As the model is demand-driven, total outfiyadjusts to the sum of aggregate consump@pfrom equation
(I7), and investmerit

PQ = (1-syp)¥YpQ +(1—51)0t + (1 - 0)W_1+ ¢

As it is not possible to establish analytically how mamgdgefirms fall in the sub-category in which
retained profits are more than sufficient to repay the totedksof debt, and thus the amount of profits that are
distributed to managers, we will assume hereafter thatrhyegmsity to consume out of profits is zesp & 1)
for simplicityﬁ.

Solving for pQ and substituting? from expressior (10) yields

1+pu
M+ Sy
Section 5 will specify the dynamics of the number of firms icteatateN,, as well as the mean-field

value for each macro-variable within the sub-populatiospeculativeor hedgefirms. Using equatiori{3) and
following this notation, the aggregate level of investmigiim (19) can be written as:

pQ =

e+ (1—0)W4] (19)

e =Ni[(ar M+ B )part—1—A bri—1] +No[(a2 T+ B )ptpt—1—A bt 1] (20)

3 Numerical simulations

We run numerical simulations of the above described agase¢d model in Matldb The parameter set of the
benchmark scenario is presented in Table 2.

Figure[1l displays the simulation results for a single runydical pattern arises from this simple setup in
line with the Minskyan characterization of the businesdeyin other words, the system goes through periods
of debt-fueled booms, followed by busts triggered by firmsfesteraging and bankruptcies. During expan-
sions, the share of speculative units increases togetlieraggregate leverage. At the peak of the cycle, the
amount of debt becomes unsustainable and heavily levefaigedstart reducing investment, while financially
distressed speculative firms default. The decline in aggeedemand only stops when firms’ debt is small
enough for investment to recover. The economy does notajisply growth trend, given that technology and
labor productivity are constant.

Despite the fact that fluctuations are perhaps too regulbetoompared with a real economy, the model
mimics the empirically observed pro-cyclicality of busssalebt and profits, as well as a few other regularities.

8In a more complete model, the distribution of profits to maragould be replaced by share buybacks by firms, for instance
and would also not enter the determination of aggregate déma
9The codes are available upon request.



First, Monte Carlo replications of the model yield a reatistalue of 4 for the ratio between the variance of
investment and the variance of consumption. The autoatioel coefficients of output and investment are both
equal to 089 over 50 Monte Carlo replications, being comparable toredss in the literature for de-trended
series. Second, the distribution of variations of outpabfiperiod to period can be well fitted by a Weibull,
in line with the evidence presented.in Di Guilmi et al. (200Bhird, the distribution of firms is right-skewed
according to different proxies of their size (debt and psdfias also empirically detected.

The sensitivity of the agent-based model to parameter amafiigns was tested by means of Monte Carlo
simulations. The parametees, 3,0, u,A andi are varied within a given interval and for each value we run
1,000 replications, so as to make sure that results arefected by the particular random seed of a single run.
The intervals of variations we use arej € [0.2,0.45], 3 € [0.05,0.35,0 € [0.0250.15], 4 € [0.3,0.7],A €
0.01,0.13 andi € [0.05,0.3[14.

Results of Monte Carlo simulations fay (figure[2) allow for a numerical assessment of the role of beha
ioral heterogeneity, considering equatidh (3) and thetfata, is kept constant at.@. Not surprisingly, an
increase iy, the sensitivity of speculative firms’ investment to int@rfunds, reduces the degree of financial
fragility of the system, as it lowers the share of specudgfikms and the debt-to-GDP ratio. However the debt-
to-capital ratio is slightly increasing iai; for both speculative and hedge firms, and hence in aggregabes t
implying that the rate of accumulation of debt is faster thia® accumulation of capital in these scenarios.
Similar results are obtained from an increas@jrihe sensitivity of investment to demand, but in this cage th
increase in the aggregate debt-to-capital ratio is mormdtia, due to the rise in speculative firms’ leverage
(figurel3). B

The results for a raise in the interest rat@igure[4) show that a higher rate raises the bankruptcy ratic
and, consequently, increases aggregate demand by elimginla¢ financially constrained firms, while slowing
down the accumulation of debt. This result can be explairat through the lower negative component in
the investment function [3), due to lower debt in the syst@ma, through the higher share of speculative firms,
which have a higher sensitivity to internal resources apdeiore are expected to invest maceteris paribus
At a first sight, the results seem to suppoleéan-against-the-windlype of policy, but only if one neglects the
increase in volatility and the higher frequency and maglataf fluctuations that are generated in the system.

In order to test the role of the firms’ demography in deterngrthis result, we run a different set of Monte
Carlo simulations in which the maximum debt-to-capitaloasiincreased te = 25 and all bankrupted firms
are immediately replaced by new o@as_Results are reported in figuré 5. In this setting, aggregeit¢ and
the debt-to-capital ratio are increasingiiand almost all firms are speculative. Hence, results foreagge
demand and the debt-to-output ratio can thus be seen asoqummeee of the assumption of a constant number
of firms N throughout the simulations.

An increase i implies a greater sensitivity of firms’ investment to theutstanding debt, or a higher
degree of risk-aversion. Debt and debt-to-capital ratresshown to be lower for higher (figure[6), while
debt-to-output ratios increase, due the lower level of egate demand.

An increase in the profit share of output, as generated bygardanark-upu, reduces aggregate demand,
aggregate leverage and the proportion of speculative finttsel economy. These firms display a higher aver-
age debt-to-output ratio (figuré 7) but a lower debt-to-tzdpatio, as they invest more due to higher profits,
but sell less due to lower aggregate demand. At the aggrégyetie however, the increase in profits more than
compensates for the decline in aggregate demand, leadilogvéy aggregate leverage. The lower level of
aggregate demand also inhibits investment decisionsafpuffsetting the positive effect of higher profitabil-
ity on capital accumulation. Overall, the debt-to-capitio decreases both for speculative firms and at the

10The other parameters are set as in the benchmark scenatinthei exception ot = 3, which smooths the cycle without
qualitatively affecting the results.

11The simulations without changes in firms’ demography wiicapermit a consistent comparison with the analytical gwiyt
which does not explicitly consider bankruptcy, in secfibn 5



aggregate level.

Finally, as displayed in figuiid 8, a higher rate of depreaiatf capital has a proportionally larger impact
on debt, via bankruptcy, than on capital and demand, caasneguction in the overall leverage. In contrast,
the debt-to-capital ratio of speculative firms is incregsmo.

4 Firms’ dynamics

As illustrated in sections]1 ard 2, the analytical solutioetimod adopted by this paper operates through a
reduction in the heterogeneity by grouping the agents ihtsters. In order to study the stochastic evolution
of the system analytically we use a mean-field approximatidrich essentially involves reducing the vector
of observations of a variable to a single value for a givenytetpon (Brock and Durlauf, 2001). In the present
treatment, the mean-field approximation is performed bypbintaking the average of the relevant micro-
variables within each group.

The following step is presented in subsecfiod 4.1 and cosdbe definition of the probabilistic rules that
determine the switch of firms between groups. The dynamittseafiumber of agents in each cluster is assumec
to follow a Markovian stochastic process. This class of psses can be described by a master equation, namel
a stochastic differential equation that depends on thegtitibes of transition between states. The main steps
of this procedure and the solution of the master equatiorpeesented is subsection ¥.2. In particular, this
solution can be expressed by an ordinary differential egugtius a stochastic component given by a Wiener
process. Both the ordinary differential equation and theeterm are formulated as functions of the micro-
variables that determine the transition of agents betweeupsg. This result is then used in sectidn 5 for the
derivation of the laws of motion of relevant macroecononagables.

As for the notation, since the population of firms is reduaegust two (one average hedge firm and one
average borrowing firm), the superscrjgs no longer used for firm-level variables.

4.1 Transition probabilities

The probability of a single firm changing state can be deriv&dg [1) or[(2). In particular, a hedge firm turns

to speculative if its net profit becomes negative accordingondition [(1), while a speculative firm becomes
hedge if it earns a positive net profit, based on condifibnTBe magnitude of each firms’ net profit depends on
the idiosyncratic shock, which determines the quantity they sell. As the distrilmutof the shocls is known

by assumption, it is convenient to quantify the probaleitof transition as function &f Let us preliminarily

define the variabl€, as _
ithzt ) Kt
Myi=(=——-1 21
#t <I'I PGzt Kt — Kzt 1)
Using equationd {1)[ [2),8) and (12), it follows that a spative firm j becomes hedge if

§>r; (22)

and a hedge firm becomes speculative when
s <Tay (23)

The first probability will be denoted by and the second bg. Accordingly, we can write

n{ = Pris >y (24)

4 =Pr[s <y (25)

9



Assumingsto be uniformly distributed in the interv@0.5,0.5], we are able to quantify the two probabilities
using the cumulative distribution function gfso that:

n = 05— r17t (26)

{t = 0.5+ T4 (27)

4.2 Solution to the master equation: stochastic dynamics of trend and flugations

If we assume that the number of firms in each of the two statlEsv®a jump Markov process, we can use the
master equation to describe the stochastic evolution afykem. Takind\; as our state variable, the master

equation allows us to represent the dynamics of the prababfla certain number of firmsl; being in state

1 as the balance equation between the aggregate transitamtfrom state 1. Considering an interval of time

At small enough to be approximated by a continuous time reptaen, we can express the master equation
for the dynamics of firms in state 1 as

dP(ng,t)
dt

wheren; = Ny /N.

Equation [[28) describes the dynamics of the probabilityadimg a fractiomn; of speculative firm as the
sum of the probability of transitioning from a numkéy — 1 to N; and the probability of transitioning from a
numbemN; + 1 toNj, less the probability of already having a numbigiof speculative firm times the probability
of a transition into or from the speculative state. The nrastpiation can be solved using approximation
techniques. The solution algorithm introduced by Aoki (208nd further developed by Landini and Uberti
(2008) and Di Guilmi(2008) has the advantage of returninglat®n that is composed by two equations:
an ordinary differential equation, which describes theetiavolution of the trend of the stochastic process
and a partial differential equation (known as Fokker-Pkaequation), whose general solution identifies the
probability distribution of the fluctuations around thefddomponer@. For this algorithm to be applied,
the state variable must be split into trend and cyclical congmts. Following Aokil(2002) and indicating,
respectively, withp the deterministic trend andthe deviation, the state variable can be reformulated as

= NP1 —1/N)(t) + {()P(n+1/N)(t) + [n(t) + ()] P(ny)(t) (28)

= @+N"Y2y (29)

so as to normalize the standard deviatiohhe development of the solution algorithm yields the fwilny
ODE for the trend

o=L9—(n+0)¢? (30)

The stationary solution of the second equation presumesiasizan distribution for the stochastic noise around
the trend, so that:

V2
P(v) = - 1
W =cen(-502) (31)
such thaP(v) ~ .4 (0, %2) The dynamics oh; can thus be described by

() ={o—(N+{)¢*+aadVv(t) (32)

12The full derivation of the solution is omitted here. We refe interested readerito Di Guilmi (2008) and Chiarella an @imi
(2011).
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wheredV is a stationary Wiener increment aodlV is the stochastic fluctuation component in the proportion
of speculative firms, coming from the distributidn(31).

The solution of the master equation provides a good appratam for the underlying agent-based model
despite the reduction in heterogeneity. Figure 9 showsehaelts for the share of speculative firms, obtained
for the master equation solution by using the results of imeilsitions of the agent based model in equation
(32), and the level of aggregate debt obtained from the mtaafithe mean-field values of firms’ delbt andb,
and the corresponding number of firms. The proportipis weighted by the number of surviving firms, so as
to take into account the effect of bankru@yNot considering this effect, the two series move togetheind
expansions while, during recessions, the master equadlaicn n; does not drop until the cycle is very close
to its trough. Having tested the reliability of the analgtisolution, we can now use it to gain further insights
into the behavior of the model.

5 Analytical solution

This section presents an analytical assessment of thedatkiseen debt dynamics at the micro and macro levels.
In particular, it highlights the role of firms’ heterogengior the dynamics of aggregate debt and leverage.

We will thus start by studying separately the evolution @& shock of debt held bgpeculativeandhedge
firms, before proceeding to a macro analysis. The resulteadnalysis are also compared with the outcomes of
the Monte Carlo simulations, yielding further insights oa tausal relationships that determine the dynamics
of the model.

5.1 Debt dynamics

In this subsection we focus on the joint dynamic$gfb, andNz, looking first at the steady state values and
then at the conditions for stability.

5.1.1 Steady-state analysis

Proposition 1. At the steady-state wheh‘;g :~b2 = 0, the mean-field debt-to-output ratio of speculative firms
is higher than that of hedge firms. Formall% > FE’—OZIZ.

Proof.

Using the law of motion (113) and substituting fcanda from (3) and [1R), the evolution of the mean-field
level of debt for speculative firms is given by

ba(t) = [(a1 — 1)1+ B]paa(t) — (A —i)by(t) (33)
The steady-state value fby is:

B (a1 — 1)1+ B]pth
1= .

— (34)

19Dj Guilmi et all (2012) proposes and uses a solution methodhi® master equation for a system with a variable number of
agents. Given the considerable analytical complexity aftieatment and the scope of the present paper we adopt&Edbldication
of consideringN fixed and consider this difference in the comparison of theemnical and analytical treatment.
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At the steady-state, the debt-to-output ratio for spesddirms is thus:

( by ) (-4
Pth A—i
The debt-to-output ratio is then the higher, the higher ésponses of investment to proftts and output
B, the profit shard1 itself and the interest raie and the lower is the sensitivity of investment to outstagdi
debtA.
Analogously, for hedge firms, the steady-state value fod#i®-to-output ratio is given @

) — )M
(bz):<0’2 N+p (36)
Pk A—i

Since we have considered that speculative firms are mordtigerthan hedge firms to their profit rate
when deciding to invest, namely thaf > a-, the equilibrium debt-to-output ratio is also higher foe former
category. [

(35)

Proposition 2. At the equilibrium wherd; = b, = N; = 0, which constitutes a steady-state for the aggregate
level of debt B, the number of speculative filtisis the higher, the lower isr1, the sensitivity of speculative
firms’ investment to profits. The direction of the respond,db parameters, a,, 8, A and depends on the
specific parametric configuration.

Proof.

Using the law of motion for the number of speculative f@w@]) and substituting fon and { using
expressiong (26), (27) and (21), we get:

) =N (054 gt )0 (14 1 (Gt b )| M) 40

The number of speculative firms is constant whgr= 0, which yields the steady-state

) —05+ 2
Ny = P (38)

i(b b
1+H<pqz+pql>

The number for speculative firms hence depends ambiguondlysointerest rate on loans and the debt-to-
output ratios of hedge firms, while it decreases with thellef/the debt-to-output ratio of speculative firms.

As the total number of firmhl is fixed, the steady-state value for the number of hedge fsis+E N — Nj.
Hence, in the equilibrium whend;, b; andb, are constant, the total stock of firms’ ddbis also constahf.

The equilibrium value of the number of speculative firWisat this steady-state can be obtained by substi-

tuting (35) and[(36) in(38), so that:

A7 B 1

~ —S+i(a2+5—53
Ny = N £+(2+I'IBZ) (39)

A+i(oz+a1+25—3)

14The correspondence between the two cases only holds betteusteady-state value for hedge firms for which debt evolved
according to the alternative law of motidn{14) is zero.

15The stochastic noise is not considered in the present asalyge its expected value is null. The tek?{tk—zt that appears in
equation[(2l) can be considered equal to 1 for a large nunilfiems N and can therefore be omitted. '

16This is only a sufficient, not a necessary conditionBas N1b; -+ Nyby + Noby -+ Nobs.
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Proposition 3. At the equilibrium Wheré)l = bz = N; = 0, the steady-state value of aggregate débs the
higher, the higher is, ceteris paribus, the degree of hefeneity between the two subgroups of firms as for
the sensitivity of investment to profits:(— a»), while, for a; = ap, it is unaffected by the difference in the
magnitude of output, or firms’ size,1(& 02).

Proof.

B= N1E)1—|— (N— N1)62
= Nl(Bl — 62) + N52

By substitutingd; andb, from (32) and[(3b), respectively:

_Ip
A

whereN; is only as a function of parameters, as expressdd in (39).

From (40), the steady-state value of aggregate debt in theiadase of full homogeneity between sub-
groups of firms in both (i) the sensitivity of investment tofits (0 = a1 = a2), and (ii) firms’ size k= k; = k»),
which from (1) and[(B) is equivalent to assuming the sameudufp- g; = g, would be given by:

= a—21)M+pBjpQ
Bla.q) = | ; - Blp

Now, assuming that firms have the same sensitivity of investrto profits & = a1 = a5), but are hetero-

geneous in sizegy # g2), we get:

0

[Ny[(a101 — 0202) + B/ — 1) (Ga — G2)] + N (a2 — 14 B/M) G2 (40)

N[(@ =D+ Blpee _ Naf(a@ — 1)1+ B]p(cs — &)

B0 a1, %) = A—i i A—i
_ (a—1)1+BJ[Npg + Ny p(ds — )]
A—i
_[(a-1N+BjpQ _ 4
- A —i —B(CY,C])

Finally, assuming that firms have the same size-(; = g2) but are heterogeneous in the sensitivity of
investment to profitsdy # a>),

. N[(a, — 1)1+ N;Mpg(a; — a
B(al,GZ,q>: [( 2 ) : B]pq+ 1 pq( 1 2)

A—i A—i
_ [(a2—1)N+BIpQ  NiMpg(as — az)
= - + -
A—i A—i
~ NiMpg(a;—a
Ba.q)+ Pa(a1 — a2)
A—i
It is thus clear that the higher is heterogeneity in investinbehavior, namely the higher ¢g relative to
o, the higher is aggregate debt. |
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The results of the steady state analysis generally matcbute®mes of numerical simulations previously
describell. In fact, in all the simulations: > ;’—52 as for proposition]1. The analytical approximation of the
agent-based model reveals that this regufarity is emexjiego behavioral heterogeneity;(> a5). Proposi-
tion[2 proves that the inverse correlation betwegmndN; showed in figurél2 is independent of the parameter
configuration, while the patterns that emerge in the MontdoCamulations fori, 8 andA have relied on a
particular parameter setting. Even with a number of difieMonte Carlo simulations using different param-
eter settings, the full reliance on numerical solutions Mawt be sufficient to provide this kind of certainty.
Finally, given thata, is constant in the Monte Carlo simulations, proposifibn Bsiitates the causal relation-
ship through which the model generates the direct corogldtietweenor; and aggregate debt displayed by
figure[2. The second statement of proposifibn 3 stresseolbdef behavioral heterogeneity relative to size
heterogeneity for the outcome of the simulations. Agaiis,igha result that could not be achieved with the sole
numerical analysis, given the impossibility of forcingesizomogeneity across firms.

Summing up, the level of heterogeneity in the elasticity li# tnvestment function to internal finance
appears to be crucial for the long run dynamics of the econdfoy a given level otr,, a largera, implies
not only a larger difference in the leverage ratio of the twmes of firms but also a greater stock of aggregate
debt. Speculative firms invest more and, consequentlyrtreésaredit. At the same time, a largei reduces
the steady-state level of the number of speculative firmseiGthatB = Nib; + Noby, the effect is larger on
b; than onN;. The decrease iN; can be explained from the fact that speculative firms relyenwor internal
finance for capital accumulation, which also raises theancles of becoming hedge.

5.1.2 Stability analysis

In this subsection we will focus on the joint stability bf andN; around the steady-state, given the more
crucial role of speculative firms’ leverage for the finanability of the system as a whole, from a Minskyan
standpoint. A stability analysis for hedge firms,l@randN,, can be derived in similar fashion. This study
provides additional qualitative insights on the resultthef Monte Carlo simulations.

The analysis will be based on the system of differential @gna composed by expressions](37) dnd (33).

Proposition 4. The interest raté has an ambiguous effect on the stability of the dynamicstiesy.

The uncertainty about the effect of the interest rate is asequence of the different role it has on the
dynamics of the number of speculative firms and on their idd&l level of debt. On the one hand, a higher
interest rate increases the number of speculative firmsigiirdts effect profits in equation (IL2). Due to the
logistic functional form of the dynamics of speculative f#§82), as the level df; increases, its rate of growth

decelerates, such th%% < 0. On the other hand, the interest rate positively affegtghrough its negative

effect on retained profits. As a conseque@%lbresponds positively ta The two effects are embodied in the
expression for the trace of the system’s Jacobian matrianal/zed below.

Proof.

The Jacobian of the system composed by expresdions (37B38hdgn be derived from the following partial
derivatives:

In the present analysis, we consider the outcome of the M@atk simulations as an approximation of the steady state.
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N, ( i_bz) [ i_<b2 m)]
I _ [ osr P2 on 1 L (P2 P 41
N M po 17N\ pg | pa (41)

by npqlNl (42)
oby .

d_bl__(/\ —i) (43)
by

o =0 (44)

From (41), we can evaluate the Jacobian of the sy$tiblrrbl) at the steady-state, by substituting fram|(35)
and [39), which yields

2
05_1b _i .7 fo.5+'ﬁ%22
JNl,Bl = M p_oe Mpa 1+ﬁ<%+w>
—(A i) 0
The trace of] is thus given by: i
i by _
() oo A =D

By further substituting for the steady-statetmffrom (38), we have that in the vicinity of the steady-state
for total debtB analyzed in the previous subsection, the trace is:

Tmnzos—gEE%QQiﬁ—u—ﬁ

The system is hence unstable whenever the following exprebslds:
i (ap—1)M —
%E27%71E+M—0>05 (45)

Debt instability for speculative firms is thus more likely @hthe profit shar€l is high, and the response
of hedge firms’ investment to profits and demaaglandf3, respectively, are low. The effect of the interest rate
on debt stability depends on parameter configurations. |

Proposition 5. Given the constraints on the parameters, the steady statdg fand N; are most likely on a
saddle path.

Proof. After a few algebraic simplifications, the determinant ot te written as:

Det(J) = Raz_l_i_%) . (/\ZHB

The case of saddle-path (in)stability is thus obtained whienthe interest rate is sufficiently IBfvand the
term in the right and side of expressidnl(46), which increasih the sensitivity of investment to debt and

18In the benchmark scenario of the simulations the interéstisan the stability range, not satisfying conditions] (45)l [46).
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decreases with the profit shdre the sensitivity ohedgefirms’ investment to profitsr,, and the response of
investment to outpuf3.
— A

' (a1 12641 (40)

[
We numerically assess the effect of the interest rate ontédlisy of the system for the following values and
ranges of parametersr, = 0.2, B = 0.5, A € [0.15, 0.35, I € [0.3, 0.5], i € [0.05, 0.1]. The stabilizing
effect coming from a loweN; appears to dominate the destabilizing effect of an incrizetke average debt of
speculative firms, such that a larger interest rate makesbtestrajectory more likely. In particular, as shown
by figure[10, forA = 0.15,i > 0.8, = 0.5 the determinant becomes positive. A lowemcreases\;, thus
reducingNz, due to the logistic functional form of (82). Figurel11 itcestes that the determinant is also more
likely to be positive for low values dfl. In particular we verified it is always positive far=0.35,i > 0.5, =
0.3. Thus, a higher profit share negatively affects the stglifithe systeniNy, b;.

Proposition§ ¥4 and 5 complete the study of the sensitivithekystem to parameters, identifying ranges of
stability. Again, a numerical approach could only lead tis tiipe of interpretation through multiple attempts,
by reporting for example the values of the parameters fockthe simulation crashes or returns inconsistent
results, without any possibility of generalization.

5.2 Dynamics of capital and the leverage ratio

With 0 < & < 1 as the rate of capital depreciation and investment ftor (@@ law of motion for speculative
firm’s capital stockk,, in value, can be expressed as:

pky (t) = (a1 + B) peu(t) — Abs(t) — pdka(t) (47)
Consequentlyk; reaches the steady state at:

ok = (o +BZSPQ1 —Aby

Proposition 6. At the steady-state for both land k;, the leverage ratio for thepeculativefirm, 51/ (pRl), IS
the higher, (i) the higher is the interest rate(ii) the higher is the depreciation raté, (iii) the lower is the
sensitivity of investment to leverage(iv) the higher is the sensitivity of investment to prafifs(v) the higher
is the sensitivity of investment to outgitand (vi) the lower is the profit shai@.

(48)

Proof

By expressingpcy as a function ob; in (34) and substituting if {48), we obtain the steady-daterage
ratio for thespeculativdirm:

by d(oy+p/n-1)

pky A —i(ar+B/M)

(49)

|
PropositiorL b also expresses some of the results of the Mgarle simulation, and demonstrates that these
outcomes do not rely on specific parameter configurationger@hat the analytical solution does not consider
bankruptcy of firms, the relevant plot for this comparisofigsire[5.
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Proposition 7. At the steady-state foribby, k; and k, the leverage ratio of speculative firms is higher than
that of hedge firms. Formally:

: .
L

pky  pka
Proof

Analogously, the steady-state leverage ratiohedgefirms is given by:

by _ (a2 +p/N-1)
pko A —i(az+B/MN)
Proposition V7 hence follows from comparing equatiod (49Bf), on the assumption that > a-. [

(50)

Proposition 8. At the steady-state whekg = k = by = b, = Ny =0, the steady-state level of aggregate capital
stockK decreases with firms’ heterogeneity in the sensitivitywdstment to profitsa; — a»), but is unaffected
by the heterogeneity in firms’ size, (g o).

Proof.
The aggregate level of capitélreaches a steady-state letéegiven by:

K= Nl(Rl — Rz) + NRZ (51)
By substitutingk; from (@8) andb; from (34), andk, andb, from the analogous expressions fwdge

firms, we obtain:
+N {A —i_<az+§)] Q2} (52)

K= % {Nl K)\ _'_g) (01— 02) — (0101 — a20p)

e Full homogeneityif q= g1 = g anda = a1 = Q.
The first term in[(GR) vanishes, and

s e )N g 2 Ta ) o

Hence, in the scenario of full homogeneity, the aggregatputtio-capital ratidJ = Q/K, which as
previously mentioned can be interpreted as a proxy for tiesfidegree of capacity utilization, would
respond positively to the sensitivity of investment to bptafits (@) and output ).

K(G,Q) =

e Homogeneity in investment behavidrqg; # g2 anda = a1 = d».

I

. M _
K(a7q17q2) = ; |:A —1 (a+

“san M Tan

17

)} [Ny(g1 — ) + N
)

]Q:Km,q)
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e Homogeneity in investment sizeq = g1 = g2 anday # d».

K(ay, a2,q) = % {Nl [—ig(a1— az)] + [)\ —i_<012+ %)} Q}

[
Propositior. 8 integrates the results of the Monte Carlo satiris by separately studying the role of hetero-
geneity in, respectively, behavior and size, and confirmsthenger relevance of the former in shaping the
long-run dynamics of the system. Interestingly, resultsip— a, are not consistent with the numerical simu-
lations, which implies that the result of propositidn 8 canipe generalized to the case in which heterogeneity
in size is present. From this perspective the Monte Carlolsitions and the analytical solution can be seen as
complementary for the understanding of the role of hetereig

Proposition 9. At the steady-state whekg = ko = b; = b, = Ny = 0, the aggregate leverage rat/(pK) is
the higher, (i) the higher is the interest rateii) the lower is the response of investment to depand (iii) the
higher is the degree of heterogeneity in the response o$iment to profitex; — a5, while it is unaffected by

the heterogeneity in firms’ size ¢ .

Proof

Propositiori ® is a corollary of Propositions 3 and 8.
From (40) and[(52), the equilibrium aggregate leverage iatjiven by:

E S [Ny[(a10n — 0202) + (B/T — 1) (G — )] + N (a2 — 1+ B/) 0]

pK Ny [(A —I—%) (1 —a2) _Ral(h_ O’ZQZ)} +N [A _i_<02+%)} a2

e Full homogeneityif q=q1 =z anda = a; = a».

§  S|a+fi-)
W(G,q) A —i_(a+%)

e Homogeneity in investment behavidrg, # g anda = a1 = ao.
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e Homogeneity in sizef = q; = gz andai # ao.

é(a o) o qu(al—az)+<az+ﬁ—1)Q}
pR (1021 _Nl[—iq(al—az)]Jr[A—i_(aer%—l)}Q

Hence, the higher i$a; — a2), the higher is the numerator and the lower is the denomiraftdine
expression above.

[

Givenas, a highera; reduces the accumulation of capital and, consistently thigresults of proposition
[3, increases the aggregate leverage ratio. This is a comsegwf the larger reliance of capital accumulation
on the less financially sound firms. Propositidn 9 confirmsréwults of the Monte Carlo simulations for
a1 andi, which do not depend on the parameter configuration. Theysisgboints to the role of behavioral
heterogeneity, and in particular to the sensitivity of stveent to internal finance and debt, as the key drivers of
the system along a more sustainable long-run path. Thersats of propositionl9 are consistent with figures
[2,[4 and 6, thus suggesting that point (iii) of the propositiolds also with size heterogeneity.

The results of this subsection, when taken together witlstdglity analysis of the system, help illuminate
the implications of the Monte Carlo simulations for the rofetle interest rate. It becomes clear that the
handling of the interest ratean have perverse effects on the system dynamics by adasigitee accumulation
of debt and, over a certain threshold, can lead the systenstalility. Consequently, a lean-against-the-wind
policy can add to the fragility of the system and does notesgnt an ideal tool to halt a speculative boom.

6 Concluding remarks

This paper introduces microeconomic foundations into aatehdriven macroeconomic model in order to
study the role of real-financial linkages in generating @coic growth and business cycles endogenously.
The paper shows that the analysis of systemic financialliinags greatly enriched by the introduction of
heterogeneous microeconomic behavior, in line with Mirskpproach. To this aim, the model was initially
built in a bottom-up fashion and solved numerically withl fudterogeneity of agents. An aggregation method
imported from statistical mechanics then helped us redueel¢égree of heterogeneity between firms to only
two classes — inspired by Minsky’s terminology of hedge gretsilative financial behavior — thus allowing for
the study of the relationship between micro behavioralsraled macroeconomic dynamics of firms’ leverage
and capital.

The analytical study has added to the results of the nuniesiitaulations in at least four different ways.
First, it demonstrates which results from the Monte Carlouations can be generalized, and which ones rely
on particular parametric configurations. Second, it illoatés the causal relationships that lead to the observe
effects of changing parameters on the macro variables isithelations. Third, it allowed for a systematic
study of stability conditions that cannot be performed im-tiavial agent-based models. Fourth, it permits
experiments that are not possible in simple numerical straris, such as examining the role of heterogeneity
of agents along a specific dimension, while keeping otheedsions homogeneous. The analytical representa
tion of the stability conditions and causal chain within thedel can also assist in the calibration the numerical
simulations, by identifying parameter ranges in which tregsl is unstable or yields inconsistent results.

With reference to the specific results of this model, the ymiglshows that a higher difference in the re-
sponse of firms’ investment to internal finance between dpgeel and hedge firms pushes the system along
a long-run path characterized by higher leverage and loagitad accumulation. In fact, a larger difference
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a1 — a» implies that growth relies more on speculative firms andefoee on borrowing. In terms of policy
indications, the analysis shows that a higher interestaateans is likely to have a stabilizing role, but at the
price of a higher share of speculative firms with a high legereatio in the economy. It is worth noting that
a higher sensitivity of speculative firms to internal finate@ds,ceteris paribusto a larger accumulation of
debt at micro and macro-level. The increase in external dimgnappears to offset the benefit of a more con-
servative attitude of speculative firms. In terms of inconstrbution, a larger share of profit has a potentially
destabilizing effect on the dynamics of the system.

The integration of Monte Carlo simulations with the analysishe dynamical system derived from this
analytical approximation of the agent-based model reptssn absolute primer in the literature, and we hope
that it will pave the way for a different modeling approach. \Wfat this stage of developments, numerical
simulations are still essential for a complete analysis ofleh outcomes, especially due to nonlinearities in the
system, the proposed analytical solution provides a beadhifor interpreting and generalizing these results.
Besides the introduction of a multi-state master equatidngchvcan provide a more accurate approximation
of the underlying agent-based model, a possible furtheeldpment concerns a more refined study of the
conditions under which bubbles and busts are generate@ iprésent setting. When it comes to adding more
realistic features to the model setup, possible extensiatsde, for instance, incorporating a stock market,
endogenizing the mark-up rate and the functional distigloubf income, as well as allowing for heterogeneity
in the household and/or financial sector.
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Households Firms BankSota
Current Capital
Consumption —C +C 0
Investment +I —Nyi[(o1 T+ B )pah — A b1 —Nz[(a2 T+ B )pe — A by 0
Wages +W¥pQ —-WpQ 0
Profits MpQ— (1+4r)B)—(Niag + Noap) 0
Distributed profits A—-B B—A 0
Loan interests —rB B |0
Change in loans Nplis —a1] + Nz iz — a2 -B| O
Total 0 0 0 01| O

Table 1: Matrix of flows.

Symbol | Value | Description

Cc 6 bankruptcy parameter

¢ 1 output-labour ratio

w 1 salary

u 0.6 price mark-up

a1 0.25 | speculative firms’ parameter for rate of profit in the investinfunction
as 0.2 hedge parameter for rate of profit in the investment function
B 0.16 | elasticity of investment to past demand

A 0.05 | elasticity of investment to debt

Sy 0.5 propensity to save out of salary

Sit 1 propensity to save out of profit

a 1 propensity to save out of wealth

[ 0.05 | interest rate

o) 0.1 capital depreciation

i 0.05 | autonomous investment

Table 2: Parameters value and description.
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Figure 1: Single run results: aggregate demand, propartminhedge and speculative firms, debt and

bankruptcy ratio.

24



=<
o

@
o

o]

© w0

o

™~ g
o

2bpa ounyg

=
o

“
o

o

=
o

© O
o I v |

"09dGa4nYg

0.4

0.3

3500

N
o

3000

O oypyhioydnayung

N o @
) (]
Od/a
-
[am]
-
kS
[T IR i -
- < =
-
(
NN -
T -
S T o

0

0.4

0.3

0.4

0.3

0.2

=+
o
0
o

™
o

5.25

—
<. 5.35
=2y
™ 53
—
D

2.5

x10°

0.38
0.36

— 0.37

0.4

0.3

0.2

0.4

0.3

0.2

0.4

0.3

0.2

0.4

0.3

0.3
28
26

0.2

z9d/zq

0
0

0.4

0.3

02 03 04

1.985
1.975

Zhd /g

Figure 2: Results of Monte Carlo simulations fy.

25



0.3
0.3
0.3
0.3

N N N N
OBu OB OBu o
— — — —
(= o o o

- © @

° ° Od/a 1hd/ 19

abpa [1a40Yg z4d/zq

™« 2} ™« 2}
o o (= o
N N N N
o & o & o & o
— 40 — 40 — —
o — O — o o
> >
0 o N o ® 0 N © © <
o - N o o o
MOLIOF24DYG a ') 144/ 1q
(32} s} o« s}
o o o O
N N N N
o an R o [anR o an® o
bl bl bl hal
o o o o
o o (g -— «KQ < wy N 'e} [0)]
b= < o © c @9 9 <
w o -—

& ouvyfiogdnayuvg  yd/(q zbd/7q

Figure 3: Results of Monte Carlo simulations fér
26



3400
P 3200

]
[
o

pteyRatig
[}
o

e
—

D/pK
b2/ pq2 o o . Bankru

Q

vy

01 0.2 0.3
int. rate

/

0.1 02 03

int. rate
01 0.2 03
int. rate

k

01 0.2 03
int. rate

—_

ShareSpec.

o

1.5

1.4
13

27

w26

25

@
e

bl /pkl

i

0.1 0.2 0.3

int. rate
4

x10

\

0.1 02 03

int. rate
4

x10

—

01 0.2 0.3
int. rate

\

01 0.2 0.3
int. rate

D/pQ ShareHedge

N
n

b1/pql

Q

b2 /pk2

Q

Figure 4: Results of Monte Carlo simulations for

27

¥

01 0.2 0.3
int. rate

¥

0.1 0.2 0.3
int. rate

~—

01 0.2 0.3
int. rate

S~

01 0.2 0.3
int. rate




2000
@1000/_,’—"
2 0
.§ 0 01 02
s int. rate
=
S o4
s
F 0.05
2
= 0
3 0 01 02
oS int. rate

M 4

]

0
0 01 02
int. rate
o
- 200
=,
“‘M1OOL
o
)
0
0 01 02

Figure 5: Results of Monte Carlo simulations fovith c = 25 and immediate replacement of bankrupted firms.

int. rate

J
QL
&1
o
QL
. 0.5
3
= 0
e 0 01 02
int. rate
x 10"
10
s
0
0 01 0.2
int. rate
x 10*
4
0
0 01 02
int. rate
L?E 5
=
T
—
D
0
0 01 02
int. rate

28

ShareHedge

D/pQ

W

0 01 02

int. rate

QO

0
0 01 02
int. rate
‘E,'.. 200
=,
100
—
)
0
0 01 02
int. rate
|
&) 2
=,
"--,.,__H 1
o
= l&
0
0 01 02
int. rate



5000

Q

Q

pteyRatio

e
Q=

oDépIi Bankru

b2/pq2

ShareBorrow

—

e
o

29

—

ShareHedge

g o

b2/pk2

Q

Figure 6: Results of Monte Carlo simulations #or

/

0
0

0.05 0.1

0.05 0.1

0.05 0.1

/ ?

Q

0.05 0.1



0.6
0.6
0.6
0.6

= = =
< e < <
o o o o
& e  oggzy 0 e < @ g g
© ° STSTStS 1hd /19 S o

abpafraanyg @&\Q m&&\%

0 © @ ©
o o L] L]
=, 3. 3.
< < < <
o o o o o o
= -
e >
0 o © < o N~ © © w © <
L] — — — (o] (] (] [} (] (]
02dga40Yg a M 144/ 19
0 © © ©
o o L] L]
=, 3. 3.
< < < <
o o L] L]
2 2 <+ N 0 n N
- -
2 2 5 o ° s <

zhd/zg

T .
) 035

3 4000

oyy fiogdnayung 37

Figure 7: Results of Monte Carlo simulations for
30



005 01 0415
3
005 01 015
3
6
005 01 0415

o @ I~ + © o

sbpagaumyg  0%d 1hd /19

'yl

0.15
0.15
0.15

0.05 0.1
3
x 10"
0.05 0.1
3
x 10"
0.05 0.1

+ o © <t o + o o
o o VN
094 G34DYG
el e el
o o o
S 4 S 4 S
o] o] o]
< < <
o o o
o o o o - o ) =t 0
8 8 8 © o 5°3
T2 Duyoyfoydnaguog
O - Md/a

0.15

0.1

0.05

0.15

01

0.05

0.15

01

0.05

Figure 8: Results of Monte Carlo simulations fr

31



—ME

400

| | \ | | \ \
260 280 300 320 340 360 380
Time

|
240

|
220

5
0200

1

199 21eb2166vw

| \ \
260 280 300
Time

l
240

|
220

400

|
380

l
360

|
340

|
320

800

Figure 9: Comparison of the results of the agent-based mauktree analytical solution for aggregate debt

(upper panel) and share of speculative firms (lower panel).

32



Trace

Figure 10: Trace and determinant for different valued afndi. The interest rate varies from 0.01 to 0.1 as
we move north along each contour.
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