Department of Economics - FEA/USP

Macrodynamic Implications of
Employee Profit Sharing as
Effort Elicitation Device

GILBERTO TADEU LIMA
JAYLSON JAIR DA SILVEIRA

WORKING PAPER SERIES N2 2018-02



DEPARTMENT OF EcoNoMIcs, FEA-USP
WORKING PAPER N¢ 2018-02

Macrodynamic Implications of Employee Profit Sharing as Effort Elicitation
Device

Gilberto Tadeu Lima (giltadeu@usp.br)

Jaylson Jair da Silveira (jaylson.silveira@ufsc.br)

Abstract:

We devise a growth model where the distribution of factor income is affected by the possibility of
profit sharing with workers. Firms choose periodically to compensate workers with only a real
base wage or a share of profits in addition to this real base wage as alternative effort-elicitation
strategies. As validated by empirical evidence, labor productivity is higher in profit-sharing firms
than in non-sharing firms. The frequency distribution of effort-elicitation strategies and labor
productivity across firms are co-evolutionarily time-varying, which then affects the dynamics of
the distribution of income between profits and wages and therefore the savings-determined
growth rate. Heterogeneity in effort-elicitation strategies across firms (and hence earnings
inequality across workers) can be a stable long-run equilibrium. In such a polymorphic
equilibrium, the frequency of profit-sharing firms varies positively (negatively) with the real base
wage (profit-sharing coefficient). As shown analytically and with numerical simulations, the
micro- and macrodynamics of the economy are crucially affected by the profit-sharing coefficient
and the real base wage as bifurcation parameters.

Keywords: Profit sharing; evolutionary dynamics; economic growth; income distribution.

JEL Codes: E11; E25;]33; 041.


mailto:jaylson.silveira@ufsc.br�

Macrodynamic Implications of Employee Profit Sharing as Effort Elicitation Device

Gilberto Tadeu Lima
Department of Economics
University of Sdo Paulo, Brazil
giltadeu@usp.br

and

Jaylson Jair da Silveira
Department of Economics and International Relations
Federal University of Santa Catarina, Brazil
jaylson.silveira@ufsc.br

Abstract: We devise a growth model where the distribution of factor income is affected by the
possibility of profit sharing with workers. Firms choose periodically to compensate workers with only
a real base wage or a share of profits in addition to this real base wage as alternative effort-elicitation
strategies. As validated by empirical evidence, labor productivity is higher in profit-sharing firms than
in non-sharing firms. The frequency distribution of effort-elicitation strategies and labor productivity
across firms are co-evolutionarily time-varying, which then affects the dynamics of the distribution of
income between profits and wages and therefore the savings-determined growth rate. Heterogeneity in
effort-elicitation strategies across firms (and hence earnings inequality across workers) can be a stable
long-run equilibrium. In such a polymorphic equilibrium, the frequency of profit-sharing firms varies
positively (negatively) with the real base wage (profit-sharing coefficient). As shown analytically and
with numerical simulations, the micro- and macrodynamics of the economy are crucially affected by
the profit-sharing coefficient and the real base wage as bifurcation parameters.

Keywords: Profit sharing, evolutionary dynamics, economic growth, income distribution.

JEL Codes: E11, E25, J33, O41.


mailto:giltadeu@usp.br

1. Introduction

Employee profit-sharing arrangements have experienced rising (albeit fluctuating) incidence in formal
labor contracts in advanced economies in the last few decades (D’Art and Turner, 2004, Kruse, Blasi
and Park, 2010). From a long-term standpoint, however, the presence of employee profit sharing in
(in)formal labor contracts has gone through several waves since profit sharing was first conceived and
introduced during the industrial revolution (Mitchell et al., 1990, D’Art and Turner, 2006, Blasi et al.,
2013).

On theoretical grounds, connecting workers’ earnings to the profit performance of the firm can
be seen as potentially stimulating workers to increase commitment and effort, which would result in a
rise in their productivity. On empirical grounds, meanwhile, surveys find that both employers and
employees interpret profit sharing arrangements as contributing to enhance firm performance along
several dimensions (Weitzman and Kruse, 1990, and Blasi et al., 2010). Arguably, profit sharing as a
worker incentive device is subject to the free-rider problem, given that the rewards from individual
effort are usually shared with other workers. Yet, there is evidence that such free-riding problem often
appears to be overcome to some extent by worker co-monitoring and reciprocity (Freeman, Kruse and
Blasi, 2010). In fact, Carpenter et al. (2016) provide experimental evidence that, although profit
sharing may not be an effective enough device to elicit more labor effort by itself, it may nonetheless
suffice to stimulate reciprocity-minded peers to report free riders given the cost imposed on them
when others shirk. As a result, teams with peer reporting and profit sharing may exert more effort at

work than those with profit sharing (or peer reporting) alone.

In practice, profit-sharing plans vary a great deal, and the major ways in which they differ
usually involve what is shared (e.g., total profits or profits above some threshold level), when and how
sharing happens (e.g., in a deferred or non-deferred way, in cash or company stocks) and with whom
sharing is implemented (e.g., directly to workers or to some workers’ retirement or pension plan).
Nevertheless, as there is survey evidence that the combination of non-deferred and in-cash profit
sharing is ranked first by employees as a motivation device (Blasi et al. 2010), we draw on this

evidence to specify the model set forth in this paper.

There is considerable empirical evidence that profit sharing raises labor productivity. Albeit
the estimated size of the respective productivity gain varies from study to study, it is often non-
negligible. Weitzman and Kruse (1990) apply meta-analysis to sixteen studies and discover that the
productivity gain associated with profit sharing is positive at infinitesimal significance levels.
Doucouliagos (1995) applies meta-analysis to forty-three studies and also find that profit sharing is
positively associated with productivity. Cahuc and Dormont (1997) use French data and find that
profit sharing firms outperform other firms in both productivity and profitability. Conyon and Freeman
(2004) use U.K. data and discover that profit-sharing firms usually outperform other firms in both

productivity and financial performance. D’Art and Turner (2004) use data for 11 European countries
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and find that profit sharing is positively associated with productivity and profitability. Magnan and St-
Onge (2005), using data for Canada, find that firms adopting profit sharing enhance their profitability
in comparison to their own prior performance and to firms that are not adopting profit sharing.
Meanwhile, Robinson and Wilson (2006), employing U.K. data, and Kato et al. (2010), using Korean
data, find that profit sharing has a positive effect on productivity. Kraft and Ugarkovic (2006), using
data for Germany, find that profit sharing has a positive effect on profitability, although Dube and
Freeman (2010) use U.S. data and discover that profit sharing has a positive effect on productivity
only when accompanied by shared modes of decision-making. In a field, quasi-experimental
investigation, Peterson and Luthans (2006) could randomly assign profit sharing at three of twenty-one
establishments within a U.S. company, having detected that productivity and profits rose in the profit-

sharing establishments relative to the control group.

Motivated by all these suggestive pieces of empirical evidence, this paper sets forth a
macrodynamic model of capital accumulation and economic growth, in which the distribution of
income between wages and profits can feature profit sharing with workers. Firms are (and remain)
technologically heterogeneous with regard to the output to capital ratio. In attempting to elicit effort
(and hence productivity) from labor more effectively and profitably, firms can behave heterogeneously
regarding the adoption of employee compensation strategy. Workers are (and remain) homogeneous
skill- and qualification-wise, and firms periodically choose to compensate workers with either a base
wage or a share of profits on top of this base wage. Also, consistent with the empirical evidence
reported above, workers in sharing firms exhibit higher productivity than workers in non-sharing

firms.

Even though firms can behave differently as to employee compensation strategy, any existing
heterogeneity in effort-elicitation strategies across firms (as well as the productivity differential gained
by sharing firms and the ensuing earnings inequality across workers), are not time invariant, but
instead co-evolve endogenously towards the long run as driven by an evolutionary protocol.
Therefore, our suggested evolutionary approach provides an alternative framework for addressing
what has been dubbed in the literature ‘the fixed wage puzzle’, according to which, basically, the
potential benefits of profit sharing in theory suggest that it should be adopted in practice more
frequently than it is normally found in empirical studies (Jerger and Michaelis, 2011). In fact, our
evolutionary framework seems appropriate to explore potentially testable explanations for evidence
such as that U.K. firms often switch strategies of employee compensation, with the respective gross
changes (which include profit sharing) being far more numerous than the net changes (Bryson and
Freeman, 2010). On a general note, although our suggested evolutionary learning framework is

applied in this paper to an exploration of dynamics of choice of employee compensation strategy, we



would invite readers to contemplate the possibility that other instances of strategy (or, more broadly

still, behavior) switching are also subject to evolutionary learning.

From a macrodynamic perspective, we explore the implications of the evolutionarily coupled
dynamics of the frequency distribution of effort-elicitation strategies across firms and the labor
productivity differential obtained by profit-sharing firms for the distribution of income between profits
and wages and thereby the savings-determined capital accumulation and economic growth.? Hence,
this paper joins a recent revival of interest on the determinants of changes in factor (especially capital
and labor) shares in aggregate income and the ensuing implications of such changes for
macroeconomic dynamics.® In fact, although at least since Kaldor (1961) the constancy of the labor
share in income has been often regarded as one of the key stylized facts underlying macroeconomic
models, there is compelling recent evidence on factor shares documenting otherwise. For instance,
Piketty (2014), Piketty and Zucman (2014) and Karabarbounis and Neiman (2014) find a global
decline in the labor share in the last decades. In this context, an interesting question that arises is
whether (and to what extent) the broader sharing of profits by firms may eventually help reduce factor
income inequality. In our model, a broader sharing of profits can be formally represented by a greater
proportion of profit-sharing firms (for a given uniform profit-sharing coefficient) or a higher uniform
profit-sharing coefficient (for a given proportion of profit-sharing firms), or both together. As a result,
our model provides precise predictions about the implications of a broader sharing of profits so
represented in terms of factor income distribution and economic growth, in both the short and the long
run. One such prediction is that heterogeneity in effort-elicitation strategies across firms (and the
resulting earnings inequality across workers) can be a stable long-run equilibrium. In such a
polymorphic equilibrium, the frequency of profit-sharing firms varies positively (negatively) with the
real base wage (profit-sharing coefficient). Also, when there is convergence to a long-run equilibrium,
the average net profit rate and the growth rate are both at their highest possible long-run equilibrium

values. As shown analytically and with numerical simulations, however, the long-run dynamics of the

! For instance, Lima and Silveira (2015) offer evolutionary foundations to the nominal adjustment of the price
level to a monetary shock by introducing the notion of ‘boundedly rational inattentiveness’. A firm either pays a
cost (featuring a random component) to update its information to establish the optimal price or use costless non-
updated information to set a lagged optimal price. Instead of the standard replicator dynamic used herein, Lima
and Silveira (2015) use an asymmetric evolutionary protocol (only firms that choose not to pay the information-
updating cost rely on random pairwise comparisons of losses).
Z Weitzman (1985) use a Keynesian model to claim that profit sharing can deliver full employment with low
inflation. If part of workers’ total compensation is shared profits, so that the base wage is lower, the marginal
cost of labor is lower and firms will be willing to hire more workers. As the marked up price is lower, a real
balance effect creates a higher aggregate demand and hence a higher desired output. In our model, in contrast,
the fraction of sharing firms and the average productivity are endogenously time-varying. Also, we explore the
implications of profit sharing for long-run economic growth in a supply-led dynamic model, in which the
distribution of factor income plays a key role as a source of savings.
® For instance, Walsh (2016) develops a sticky-price, sticky-wage model with workers and capitalists where the
distribution of factor income matters because wage income affects aggregate demand. Meanwhile, Broer et al.
(2016) set forth a two-agent version of the standard New Keynesian model (featuring a worker who receives
only labor income and a capitalist who receives only profit income) to explore how income inequality affects the
monetary transmission mechanism.
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economy are crucially affected by the profit-sharing coefficient and the real base wage as bifurcation

parameters.

In the model, one key feature of the evolutionarily coupled dynamics of the frequency
distribution of effort-elicitation strategies across firms and the productivity differential gained by
sharing firms is that there is strategic substitutability in the choice of compensation mode: a firm’s
decision to share profits has a negative payoff externality on potential sharing firms. The reason is that
this reduces the effort-enhancing earnings differential represented by the excess of the compensation
of workers in sharing firms over the compensation of workers in non-sharing firms, which lowers the
labor productivity differential obtained by a sharing firm. Therefore, such externality differs
considerably from the externality emphasized by Weitzman (1985) when speculating about the
obstacles to the conversion of all (or almost all) firms to profit sharing. In Weitzman’s model, as
briefly described in footnote 2, if one firm alone converts to profit sharing it will hire new workers, but
at the expense of driving down the pay of its original workers. Hence, such a positive externality of a
tight labor market may require coordination to encourage people to convert to profit sharing. One
possibility, in Weitzman’s view, is to have the government reward profit-sharing workers, by
preferential tax treatment of share income, for their part in creating the positive externality of a tight

labor market.*

The remainder of this paper proceeds as follows. Section 2 lays out the structure of the model
as it describes the behavior of the economy in the short run. Section 3 specifies the evolutionarily
coupled dynamics of the distribution of effort-elicitation strategies across firms and the productivity
differential accruing to sharing firms. This section also explores the implications of the specified
evolutionary dynamics for the macrodynamics of the factor shares in income and so the savings-driven
capital accumulation and economic growth. The final section summarizes the main conclusions

reached along the way.

2. Structure of the model and its behavior in the short run

The economy is closed and without government activities, producing a single (homogeneous) good for
both investment and consumption purposes. Production is carried out by a large (and fixed) population
of firms, which use two (physically homogeneous) factors of production, capital and labor, by means
of a fixed-coefficient technology. Firms produce (and hire labor) without facing any demand
constraints, thereby being able to sell profitably all its output production at the prevailing price level.

However, the model is cast in real terms.

* Although the externality in our model differs from the one in Weitzman’s (1985) model, one similar issue
worth exploring is whether coordination is also needed in our model to induce the conversion to profit sharing.
Analogously, one possibility would be to have the government reward sharing firms by preferential tax
treatment. However worth exploring this possibility might be, especially in light of the evidence that several
countries use tax incentives to stimulate the adoption of profit sharing, we leave it for future research.
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In attempting to elicit effort from labor more effectively and profitably, an individual firm
chooses periodically between two employee compensation strategies: it compensates workers with
only a base real wage v (non-sharing effort-elicitation compensation strategy) or a base real wage and
a share of total profits & €(0,1) — R (profit-sharing effort-elicitation compensation strategy). In a

given period there is a proportion A [0,1] <R of profit-sharing (or type s) firms, while the

remaining proportion, 1— A, is composed by non-sharing (or type n) firms. Consistent with the
empirical evidence on profit sharing reported in the preceding section, a profit-sharing firm is willing
to play such effort-elicitation compensation strategy because the resulting labor productivity gain is
strictly higher than otherwise. Meanwhile, productivity is homogeneous across workers in firms
playing a given employee compensation strategy. Given that, for simplicity, the real base wage is
taken to be the same under both effort-elicitation compensation strategies, a worker hired by a profit-
sharing firm does receive a higher total compensation than a worker hired by a non-sharing firm along
the economically meaningful domain given by strictly positive profits for sharing firms.

To keep sharp focus on the dynamics of the frequency distribution of effort-elicitation
compensation strategies and their implications for the distribution of factor income and hence the rates
of capital accumulation and economic growth, we simplify matters by assuming that the real base
wage, V, and the profit-sharing coefficient, ¢, remain constant over time. The distribution of effort-

elicitation compensation strategies across firms, (4,1—A), which is given in the short run as a result

from previous dynamics, may change beyond the short run as driven by an evolutionary dynamic (the
replicator dynamic). In the short run, for given values of the base wage, profit-sharing coefficient,
productivity differential, distribution of effort-elicitation strategies and, then, individual and average
profit shares, the short-run equilibrium value of the growth rate is determined. As the economy
evolves towards the long run, the co-evolution of the distribution of effort-elicitation strategies and the
productivity differential, by leading to changes in the average net profit share, causes changes in the
short-run equilibrium value of the economic growth rate. Formally, we define the labor productivity

differential as:

@) o

8
a

n
where @, = X, / L denotes labor productivity in firms of type i =s,n, X, is the total output of firms
of type i =s,n, and L, is the total employment of firms type i =s,n. For simplicity, we normalize

labor productivity in non-sharing firms, a,, to one, so as to obtain a, =« >1 in (1). Profit-sharing

® Empirical evidence shows that profit sharing has a meaningful effect on worker total compensation (Long and
Fang, 2012). As found in Capelli and Neumark (2004), total labor costs exclusive of the sharing component do
not fall significantly in pre/post comparisons of firms that adopt profit sharing, which suggests that profit sharing
tends to come on top of, rather than in place of, a base wage.
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firms can be intuitively portrayed as firms willing to bet on the possibility of attaining a productivity
differential, &, which is high enough to allow them to have a lower (higher) total unit labor cost (unit
net profit) than non-sharing firms. In fact, a sharing firm envisages that such a productivity differential
will be high enough so as to allow it to have a higher net profit rate (i.e., net of shared profits) than a
non-sharing firm. However, as addressed in the next section, due to the presence of strategic
substitutability in the choice of employee compensation strategy, the extra productivity gain accruing
to profit-sharing firms may fall short of the minimum level needed for the profit-sharing bet to prove

successful.

Using (1), the total profits of sharing and non-sharing firms are, respectively:

@ R, =X, L, =(1—1]x5;
a

and:

@3) R =X —vL =(1-V)X,,

which requires further assuming (to ensure economically meaningful values for the two factor income

shares) that v<a, =1<a,. Using (2) and (3), the shares of profit in output of sharing and non-

sharing firms in the short run are given, respectively, by:

R \Y;
4 T.=—=1-—;
@ T X, a
and:

R
5 7. =—=1-v.
5) =X

The profit share expression in (4) denotes the proportion of gross profits in the output of sharing firms,

since an exogenously given fraction of such profits, 6 € (0,1) c R, is shared with workers. Using (4),

the unit net return of sharing firms in the short run is given by:

(6) 2 =37R g5 (1—1)
X o

S
S

Using (5) and (6), the short-run value of the average net profit share can be expressed as:
) 7= At + (- )7, :/1(1—5)(1—1}(1—/1)(14).
o

As for capital productivity, to keep sharp focus on our main issue of interest of the effect of
profit sharing on the rates of capital accumulation and economic growth, we simplify matters by
assuming that the maximum output that can be produced by fully utilizing one unit of capital, k , is an

exogenously given constant common to all firms:



(8) k. =k, =k,
where k; = X, / K, is the output to capital ratio (and K; is the total capital stock) of firms of type
i=s,n.

Using (2)-(5) and (8), the (gross) profit rates of sharing and non-sharing firms in the short run

can then be expressed as follows:

©) r, L} {1—1] X _ Kz,
K, a ) K,
and:
R X
10 r=—"=>01-v)—"=kr..
(10) s ( )Kn A

Using (6) and (9), the net profit rate of sharing firms in the short run is then given by:

(11) e = A=9)R, _ (1-95) (1—%5 =kz.
K, a) K

Thus, using (10) and (11), the short-run value of the average net profit rate is given by:
(12) re = Ar° + (1- A)r, =k {/1(1—5) (1—1)+ (1—2)(1—v)} .
a

Therefore, a comparison between (7) and (12) shows that the average net profit share and the average

net profit rate always move in the same direction.

As assumed earlier, the population of firms, the base wage, Vv, the labor productivity in non-
sharing firms, a_, the profit-sharing coefficient, 6, and the output to capital ratio (which is common
to all firms), k, all remain constant over time. The short run period t is defined as a time frame in

which the aggregate capital stock, K,, the labor supply, N,, the productivity differential of profit-

sharing firms, a;, = ¢, the frequency distribution of effort-elicitation compensation strategies across

firms, 4,, and therefore the distribution of factor income as given by the average net profit share, 7rt°,
can all be taken as predetermined by previous dynamics.®

The model economy is populated by firm-owner capitalists and workers. The latter
inelastically provide labor and receive solely a base wage when they are hired by non-sharing firms.
Meanwhile, workers in sharing firms also receive a share of the latter’s profit income, which is the
entire surplus over the respective base wage bill. We assume that workers’ total compensation is

entirely spent on consumption, and capitalists save a fraction, y €(0,1) c R, of their net profit

® As in the next section we explore the behavior of the economy in the transition from the short to the long run,
thereafter we attach a subscript t to the short-run value of all variables (be they endogenous or predetermined).
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income. Capitalists save in order to finance capital accumulation, and all their net profit income not
consumed is automatically and immediately invested. Thus, firms manage to sell all their output
production at the current price, given that aggregate demand automatically and immediately adjust to
remove any excess aggregate (and individual) supply in the product market. In the short-run product

market equilibrium, aggregate investment, |, , is then identically equal to net aggregate saving, S, .

Using (8)-(11), the net aggregate saving as a proportion of the capital stock in period t can be
expressed as follows:

S {(1—5)RSVI+R

13) t=
a2 .

§ } B 7[&ksﬂ§t +(@A-A)k, 7, ] =k [/Aﬁ;t + (1—%)7%] :

t
By substituting (13) in the product market equilibrium identity given by I, /K, =S,/K,, and

assuming that capital does not depreciate, we obtain the short-run equilibrium growth rate:
(14) O (@, 4) = k[ Az (e, A) + (1= A)7, |.

In the short-run equilibrium, the growth rate depends on parametric constants in conjunction with the
productivity differential and the frequency distribution of effort-elicitation strategies, which are
predetermined in the short run and co-evolve evolutionarily towards the long run. Given that economic
growth is driven by capital accumulation from capitalists’ saving, the short-run equilibrium growth
rate varies positively with the saving propensity and the average net profit share. Thus, given the
frequency distribution of effort-elicitation strategies and the productivity differential, a higher profit-
sharing coefficient, by virtue of lowering the average net profit share, reduces the growth rate in the

short-run.

3. Behavior of the model in the long run

In the long run we assume that the short-run equilibrium value of the rate of economic growth is

always attained, with the economy moving towards the long run due to changes in the aggregate stock

of capital, K, coming from changes in the individual stocks of capital, K, and K, the supply of

available labor, N, the labor productivity differential, o, and the distribution of effort-elicitation
compensation strategies, A . Given that the maximum output that can be produced by fully utilizing
one unit of capital is an exogenously given constant kK common to all firms, it follows from (8) that
K,/ K, =k. Meanwhile, to sharpen focus on the evolutionarily coupled dynamics of the
distribution of effort-elicitation strategies and the productivity differential as state variables, and their

resulting macrodynamic implications, we further assume, for convenience, that the supply of available

labor grows endogenously at the same rate as the aggregate capital stock.’

” Consequently, the constancy of the productivity differential and the distribution of effort-elicitation strategies
in the long-run equilibrium guarantee the constancy of both the average labor productivity and the average
8



Let us derive the dynamics of the labor productivity differential. In a given short-run period t

there is a fraction 4, €[0,1] R of firms, which may vary from one period to the next one, using the
profit-sharing strategy. The complementary fraction 1— 4, is made up of firms that compensate
workers with solely the base wage. Let Y, =AY, +(1—4)Y, be the average earnings of workers in
period t, where y,, =v+JR /L, and y, =V represent the earnings of a worker in a profit-
sharing firm and a worker in a non-sharing firm in period t, respectively. Hence, the differential
between the higher earnings and the average earnings can be written as Y, — Y, = (01— 4)J R, / L,

for all 4 €[0,]]<R. As suggested by the empirical evidence recalled reported earlier, we assume
that the extent to which labor productivity in profit-sharing firms is greater than labor productivity in
non-sharing firms varies positively with the relative earnings differential represented by Yy, —Y,. In

implicit form, we consider the following effort-elicitation differential function:

(15) s = T (Ve = ¥0) = F(L-2)OR, /L, ),

where we assume that f'()>0 and f"(:)<O0 for all earnings differential (y,,—Y,)cR. We
further assume that (yliyry_m f'(y;—¥)=0. Thus, in accordance with the empirical evidence that the

productivity gains arising from profit sharing are not unlimited, the effort-elicitation differential in
(15) rises at a non-increasing rate and tends to become insignificant for very large values of the

relative earnings differential ® We can use (2) to re-write (15) as follows:
(15-a) o, = f(6A-A4) (e —V)).

As re-written in (15-a), the effort-elicitation differential function has an intuitive
interpretation. Given that ¢, is the output per worker of a profit-sharing firm and Vv is the respective

unit cost of labor, it follows that ¢, —V is the profit per worker of a profit-sharing firm and &(¢, —V)
is the amount of profit per worker of a profit-sharing firm which is shared with its workers. Thus,

given ¢, and A, the next-period effort-elicitation differential varies positively with the profit-sharing
coefficient and negatively with the base wage. Meanwhile, given ¢, , v and ¢ , the next-period effort-

elicitation differential varies positively with 1— 4, , the proportion of non-sharing firms in a given

employment rate. In fact, using (1) and (8)-(9), the average employment rate in the short-run equilibrium is

* LZt + L;t /’Lt K( - H H H
g =———=|—+0-4) |— K , where the expression in square brackets is the weighted average of the
N a N

t

t t

inverse of the individual productivities a,, = ¢, and a  =1.

¥ In the meta-analyses in Weitzman and Kruse (1990) and Doucouliagos (1995), the magnitude of the estimated
effect of profit sharing on labor productivity is usually around 3 to 7 percent.
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period, which is an indicator of the prospects of not receiving any shared profits in the next period.
Since an increase in 1— A, so acts as an incentive on workers in profit-sharing firms in the next period
to exhibit a higher productivity differential, it follows that 5(1— 4, )(e, —V) can be interpreted as

reflecting how valuable it is to work for a profit-sharing firm.
In fact, it follows from (15-a) that de,, /04 =—6(e, —V) f'(5(1—A)(eq, —V)) <0 for all

A €[0,]] <R and for any «, >V, where the latter condition was assumed earlier to ensure strictly

positive gross profits for profit-sharing firms in (2). The greater the proportion of sharing firms in a
given period, the smaller the effort-elicitation differential between sharing and non-sharing firms in
the next period. The substance of this result is that one individual firm’s decision to follow the profit-
sharing effort-elicitation strategy in a given period, by reducing 6(1—A,)(e, —V) for a given «, and
consequently making it less valuable to workers to be employed by a sharing firm in the next period,
has a negative payoff externality on all other sharing firms. Therefore, there is strategic substitutability

in the firms” choice of effort-elicitation compensation strategy. Meanwhile, if all firms choose to adopt
the profit-sharing effort-elicitation strategy (4, =1), it follows that the relative earnings differential
represented by Y., —Y, = 01— A,)(e, —V) vanishes. In this case with all firms sharing profits, given

that productivity is uniform across firms, and should be higher than the average productivity when all

firms pay only the base wage, we assume that f (0) >1 (recall that productivity in non-sharing firms

was normalized to one). When all firms play the non-sharing strategy (4, =0), the potential relative

earnings differential given by Y, -V, =0(e, —V) takes its maximum value. In this case, a non-
sharing firm switching strategy to the profit-sharing mode reaps the largest possible extra effort-
elicitation gain, since f(8(eq —Vv))> f(S@A-A) (e —V)) for all 4 e(0,]cR and for any
o, >V.

To facilitate the derivation of analytical results on the existence and stability of long-run
equilibrium solutions and to implement numerical simulations, in what follows we assume a specific

functional form for (15-a) given by:
(16) ., =p+01-A) e, —V),
where 3 >1 is a parameter ensuring that f (0) >1 in (15-a).

Some intuitive rationales can be suggested for the extra effort-elicitation gain in (15)-(16).

First, the average earnings can be reasonably interpreted by workers as a rule-of-thumb, conventional

estimate of their fallback position or outside option under uncertainty. It follows that workers who are

shared profits in addition to receiving a base wage generate an extra effort-elicitation gain

(comparatively to the effort-elicitation gain they would generate if paid solely a base wage) which
10



varies positively with the excess of the higher earnings over their fallback position or outside option.
Besides, the average earnings can be plausibly construed by workers as a reasonable reference point
against which a compensation package featuring a base wage and shared profits should be compared
when they are resolving how much above-normal productivity to fairly generate in return.
Consequently, above-average earnings can be plausibly interpreted by workers as fairly warranting the
generation of above-normal levels of productivity. Interestingly, Blasi, Kruse and Freeman (2010)
suggest an intuitive rationale for profit-sharing compensation based on reciprocity and gift exchange
(as these notions are articulated in Akerlof (1982)): a “gift” of higher worker compensation through
profit sharing increases worker morale, and workers reciprocate with a “gift” of greater productivity.
More broadly, a “gift” of profit-sharing compensation over and above a standard base wage can be
intuitively seen as assisting to create and reinforce a sense of shared interests and the value of a

reciprocal relationship.

While the frequency distribution of effort-elicitation compensation strategies is given in the
short run, an individual firm revises periodically its choice of compensation strategy in a way

described by the following replicator dynamic:’
(17) Zt+l_ﬂ1:ﬂ‘t(rsc,t_rtc):ﬂt(l_ﬂt)(ﬁ;t_ﬂn)k’
where I’ EAr;t +(1—-A)r, is the average net profit rate, which is given by (12), and the latter

equality is obtained using (10) and (11), so that ﬁ;t and s, are given by (5) and (6), respectively.

According to the replicator dynamic represented in (17), the frequency of the profit-sharing effort-
elicitation strategy across firms increases (decreases) exactly when it has above-average (below-

average) payoff.

Using (5) and (6), the replicator dynamic in (16) becomes:

(17-2) A =ﬂt{1+(1—&)[(1—5)(1—0{1]—(1#)}k}

Thus, the state transition of the economy is determined by the system of difference equations (16) and
(17-a), whose state space is ® ={(¢, 4) € R® :0< A <1, >V}.

We can show that the dynamic system represented by (16) and (17-a) has two long-run
equilibria featuring survival of only one effort-elicitation strategy in each. These are monomorphic

(pure-strategy) equilibria which we denote by E, and E,. We can also show the possible existence of

% This replicator dynamic can be derived from a model of (social or individual) learning as in Weibull (1995, sec.
4.4).
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a third long-run equilibrium, now featuring the survival of both effort-elicitation strategies. This is a

polymorphic (mixed-strategy) equilibrium which we denote by E, .

Note that A4,, =4 =0 for any te{0,1,2,...} satisfies (17-a) for any state (¢,,0)€®. In

this case, it follows that ¢, , =, =« for all te{0,1,2,..} in (16) if, and only if, the (potential)

+1

effort-elicitation differential is given by:

__pB-ov
(18) 05——1_5

where a >1 is implied by our assumptions about the magnitude of the respective parameters.
Therefore, one of the two monomorphic long-run equilibria of the system, E, , is given by the state
(«,0) < ®, which nonetheless features the non-sharing effort-elicitation compensation strategy as the

only survivor.

Meanwhile, if A4, =4 =1 for any t€{0,1,2,..}, the difference equation in (17-a) is
satisfied for any state (¢,,1) € ® and, given (16), it follows that «,,, =, =& forall t€{0,1,2,...}
if, and only if, the value of the effort-elicitation differential is given by:

(19) a=p>1.
Therefore, the other monomorphic long-run equilibrium of the system, E,, is represented by the state

(@,1) c ®, which features the profit-sharing effort-elicitation compensation strategy as the only
survivor. However, due to the existence of strategic substitutability in the choice of employee

compensation strategy, it follows that & < & .

Finally, if 4, =4 =4 €(0,) cR forany t€{0,1,2,...}, the difference equation in (17-a)

is satisfied if, and only if, the individual profit shares in (5) and (6) (and therefore the profit rates in
(10) and (11)) are equalized. Given that the effort-elicitation differential (which is equal to the level of
effort-elicitation in profit-sharing firms) is the only adjusting variable among the determinants of the
profit shares in (5) and (6), the latter become equalized if, and only if, the value of the effort-elicitation

differential is given by:

« (@=9o)
(20) a = Vs’

where we assume that v> &, so that « >1. Furthermore, due to the existence of strategic
substitutability in the choice of employee compensation strategy, it follows that @ <o <& .
Meanwhile, given that a,, =a, =a for all te{0,1,2,...}, it follows that A,, =4 =A" for all

te{0,1,2,...} in (17-a) if, and only if:

12



s _B-vs-(-8)a

@ S(a” —v)

Given that o >1>v, the denominator in (20) is strictly positive. Hence, in order to ensure that
A >0, we assume that B—vS —(1—S)a’ >0. The latter inequality, upon substitution of (20) in it,

is satisfied when the following inequality holds:

22) s> BV _5
p-v -

Note that our assumptions on the magnitude of the respective parameters imply that 6 € (0,1) c R.

Now, in order to ensure that A" <1, we assume that S—vo—(1—8)a” <&(a —V). The latter

inequality, upon substitution of (20) in it, is satisfied when the following inequality holds:

5<2(ﬁ;1)\/55.
Vi—-2v+ [

(23)
Note that our assumptions on the magnitude of the respective parameters imply that Se ODcR
and 5>é. Therefore, if the conditions in (22)-(23) are satisfied, there exists a third long-run

equilibrium represented by the state (a*, ﬂ*) c O, denoted by E,, which features the survival of both

effort-elicitation compensation strategies in the long run. The existence of a long-run equilibrium of

the dynamic system given by (16) and (17-a) is summarized in the proposition that follows.

Proposition 1: For a given vector of parameters (3, 0,V,K), the dynamic system represented by (16)

ﬂ_\f,OJE(@ and

and (17-a) has two monomorphic long-run equilibria given by E, = (@,0) :(
E,=(@,)=(81)eO®.Andif §<5<J, there is also a polymorphic long-run equilibrium given

by E;=(a’,A) :(a*, ,B—\;é('o—[*(l_—vf)a*J €O, where @ = (1_55)\/ e(a,a)cR.

It can be checked that the productivity differential in the polymorphic equilibrium varies
negatively (positively) with the profit-sharing coefficient (real base wage). In the same equilibrium,

the proportion of sharing firms varies with these parameters as follows:

* _ * _ _ 2
oA __ Pl o g O BE-2BV+(B-145V

06 -1 ov S(V—1)V?

where it can be checked that the numerator of the second expression is positive for any £ >1 and

oe(0,v)cR.
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The stability properties of the evolutionary long-run equilibria identified in Proposition 1 are

established in the following proposition.

Proposition 2: For a given vector of parameters (/,0,V,K), the long-run equilibria of the dynamic

system represented by (16) and (17-a) exhibit the following stability properties:

-V
1-6

repulsor and the monomorphic equilibrium given by E, =(&,1) =(5,1) € ® is an attractor;

i. If 0<&<d, the monomorphic equilibrium given by E1=(§,0)=( ,0]66) is a

ii. If §<5<&, the monomorphic equilibria E, and E, are repulsors, whereas the

* * * _V5_ 1_5 N
polymorphic equilibrium given by E,=(a ,4)=|« ,'B *( o €0, where
ola —v)
* (1_5)V .
a = , is an attractor; and
V-0
L+Vo

iii. If 5<S<v, the monomorphic equilibrium given by E; =( s ,OJ €0 is an attractor

and the monomorphic equilibrium E, =(5,1) € ® is a repulsor.

Proof: See Appendix.

Interestingly, the dynamic system given by (16) and (17-a) also undergoes a bifurcation at

0 =0 . This bifurcation features a change in both the stability property of the monomorphic
equilibrium given by (&,1) — ©® and the existence status of the polymorphic equilibrium given by
(o, A7) C O. If the threshold given by & =& is crossed from below (above), the bifurcation features
the monomorphic equilibrium given by (&,1) — ® ceasing to be an attractor (a repulsor) to become a
repulsor (an attractor), and by the polymorphic equilibrium given by (a*,/l*)cG), which is an
attractor, coming (ceasing) to exist. The dynamic system given by (16) and (17-a) also undergoes a
bifurcation at =0 . This bifurcation features a change in both the stability property of the
monomorphic equilibrium given by (&,0)c® and the existence status of the polymorphic
equilibrium given by (a',A") = ©®. If the threshold represented by d=20 s crossed from below
(above), the bifurcation is characterized by the monomorphic equilibrium given by (&,0) c®
ceasing to be a repulsor (an attractor) to become an attractor (a repulsor), and by the polymorphic

equilibrium represented by (', A") — ®, which is an attractor, ceasing (coming) to exist.

In order to appropriately complement the analytical results derived above about the dynamics
of the system, we now perform some illustrative numerical simulations. In Figure 1, the parameters of

the model are given by the following empirically plausible values: capitalists’ propensity to save,

14



y =0.4; minimum labor productivity differential, £ =1.05; and output to capital ratio, k =0.3. We

typically set the profit-sharing coefficient at & =0.05 and the real base wage at 0.6 ."
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Figure 1. Single bifurcation and trajectory diagrams.

In Figure 1, the left panels picture limit sets for the frequency of profit-sharing firms by means
of parameter basins with respect to the profit-sharing coefficient, with 6 € (0,0.6) € R (top) and the
real base wage, with v e (0,1) € R. The right panels, meanwhile, describe the trajectory over time of
the frequency of profit-sharing firms (top) and productivity differential (bottom), with an emphasis on
their transitional dynamics. We avoid detecting only local dynamics by specifying initial conditions at
some distance from the long-run equilibria. In the left panels, we set initial values given by a =1.1
and 4=0.01, and set 5000 transient iterations (i.e. the number of iterations omitted before plotting
begins) and 5000 iterations to be plotted.

In Figure 1, two single parameter bifurcation diagrams and two trajectory diagrams are shown

to illustrate the dynamics of the system given by (16) and (17-a) with numerical simulations. In the top

left panel, the bifurcation undergone by the system at 6 =8 =0.07 and & =& =0.14 is shown. The

19 All these numerical simulations (along with the respective graphical representations) were obtained with the
open-source software iDMC, version 2.0.10, available at https://code.google.com/archive/p/idmc/downloads.
Meanwhile, the source code used to generate the numerical results presented in this section is obtainable upon
request to the authors.

15



phase transition from the monomorphic equilibrium given by all firms playing the sharing strategy to
the monomorphic equilibrium with no firm playing the sharing strategy occurs as the profit-sharing
coefficient rises from zero. The transition as such takes place along the range of values of the profit-
sharing coefficient for which the polymorphic equilibrium exists and is an attractor. In the bottom left
panel, meanwhile, it is shown the bifurcation undergone by system at two different values of the real
base wage, which are associated with the respective bifurcation values of the profit-sharing coefficient
according to (22) and (23). In any case, as the real base wage rises from zero, the phase transition now
occurs from the monomorphic equilibrium given by no firm following the sharing strategy to the
monomorphic equilibrium with all firms following the sharing strategy. The transition as such occurs
along the corresponding range of values of the real base wage for which the polymorphic equilibrium

exists and is an attractor.

In the right panels, multiple trajectories of the state variables are displayed. In the top panel,
the value of the initial condition for the frequency of profit-sharing firms is increased from 4 =0.1 to
A =0.9 with a change of 0.2 in each variation. Simulations are color-indicated and the number next
to each color identifies which simulation is represented by that color. In the bottom panel, the labor
productivity differential varies from its assumed initial condition also in response to the respective
variation in the profit-sharing coefficient from each of its assumed initial conditions, as these two state
variables co-evolve over time. The convergence of the dynamic system to the polymorphic long-run
equilibrium (we set the profit-sharing coefficient at & = 0.1 so as to ensure it; see top left panel) takes

place close to the end of the 1250 iterations that we set to be plotted.

Let us now compute the long-run equilibrium values of the distribution of factor income and
the growth rate in each one of the three economically relevant ranges of the profit-sharing coefficient

specified in Proposition 2. We can use (7) to establish:
4) @0 =x(a",A)=n,=1-v,

and:
25)  #(BY =7 (B)=(1-9) {1—%} ,

where the first equality in (24) follows from the fact that E, =(a ", A") is defined implicitly by the

condition given by 7 (a*,l*)—nn =0 (recall from (5) that the profit share of non-sharing firms is
exogenously given). Hence, the value of the average net profit share is the same in the monomorphic
equilibrium given by E, =(&,0) and in the polymorphic equilibrium given by E, =(a’,1"). When
8>0 , given that & > A, it follows that 7z(&,0) > 7(/3,1), as can be verified using the Appendix,

so that, using (14), we then obtain that g(,0) > g(/5,1) . When § <5 <& , since & > 3, we have
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7(@,0)=x(a’, A7) > 7(B,1) , so that (14) yields g(&,0)=g(a’, 1) > g(3,1) . Meanwhile, when
5<J,since a < f, it follows that 7z(&,0) < z(/,1) , as can again be verified using the Appendix,

so that, using (14), we then obtain that g(e,0) < g(,1). Therefore, if the economy converges to a

long-run equilibrium (which may not occur when J <6 < 5, given that the condition in (A.8) in the

Appendix may not be satisfied), the coupled evolutionary dynamics of profit-sharing adoption and
productivity gain takes the economy to a position in which the average net profit share, the net profit
rate and the rate of economic growth are all at their highest possible long-run equilibrium levels.

Finally, although it is possible the emergence of a stable long-run equilibrium with strategic
dualism, the evolutionary dynamic in (17) ensures that the (net) rates of profit of the coexisting effort-
elicitation strategies become equalized. However, in our one-sector model, net profit rate equalization
is brought about in the long run not by market competition with capital mobility across sectors, but by
evolutionary competition with firms (along with their capital stock) mobility across alternative effort-
elicitation compensation strategies.

4. Conclusions

This paper is motivated by various pieces of suggestive empirical evidence. First, from a long-
term historical perspective, there has been persistent heterogeneity in worker compensation strategies
across firms, and profit-sharing arrangements have experienced an oscillating popularity. Second,
profit sharing arrangements are productivity-enhancing, and attitude surveys find that employers and
employees perceive profit sharing as contributing to improve firm performance in several dimensions.
Third, there is survey evidence that non-deferred and in cash profit sharing is ranked first by workers
as motivation device. Fourth, firms switch modes of worker compensation (which include profit
sharing) with reasonable frequency, with the gross changes in modes being more numerous than the
net changes. Fifth, earnings inequality across observationally homogeneous workers does exist, is of

a non-negligible magnitude and is persistent over longer time spans.

In this paper, firms are modeled as periodically choosing to compensate workers with solely a
base wage or a share of profits in addition to this base wage. The frequency distribution of effort-
elicitation compensation modes and labor productivity in the population of firms are modeled as co-
evolutionarily time-varying. The paper also investigates how such co-evolution at the micro level

affects and the macrodynamics of the distribution of factor income and economic growth.

When the profit-sharing coefficient is relatively low, there are two long-run equilibria, one
featuring all firms sharing profits and the other with no firm sharing profits. The former is an attractor,
while the latter is a repulsor. When the profit-sharing coefficient is relatively high, the economy has
the same two evolutionary long-run equilibria. However, the long-run equilibrium with all firms
sharing profits is a repulsor, while the long-run equilibrium with no firm sharing profits is an attractor.

When the profit-sharing coefficient is at a relatively intermediate level, there is a third long-run
17



equilibrium, one that features heterogeneity in employee compensation strategies across firms, and
therefore earnings inequality across workers. In this case, the long-run equilibria featuring survival of
only one strategy are repulsors, while the long-run equilibrium with coexistence of both compensation
modes can be an attractor. In fact, as shown analytically and with numerical simulations, the long-run
dynamics are crucially affected by the profit-sharing coefficient and the real base wage as bifurcation

parameters.

Meanwhile, when there is convergence to a long-run equilibrium, the average net profit rate
and the growth rate are both at their highest possible long-run equilibrium values. Moreover, there is
net profit rate equalization even in the long-run equilibrium with coexisting effort-elicitation strategies
across firms and the resulting earnings inequality across workers. This equalization is an outcome of
the evolutionary competition involving the alternative effort-elicitation employee compensation modes

between which firms periodically choose.
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Appendix — Proof of Proposition 2 on the stability properties of the long-run equilibrium
The Jacobian matrix evaluated around the monomorphic equilibrium (&,0) c O is:

) 5| —5(&_V)
(A1) J(a,0)= 0 ‘1+(ﬂ§(5)_”n)k |

where ng(&)z(l—a)(l-lj and 7 =1-v.
a

Let & be an eigenvalue of the Jacobian matrix in (A.1). The eigenvalues of the Jacobian matrix in

(A.1) are given by:

(A2) &=0 and & =1+[z(a)-r k.

Given that 0 <& <1, it follows that |&|<1.

Let us investigate the absolute value of &,. We want to find out under what condition(s) it follows that
-1<¢, <1. Per (A.2), it follows that —1< &, <1 obtains if, and only if, -2 <[z (&) —7,]k <0.

Given that 0< 7 (@) <1 and 0< 7, <1, we find that —1< 7; (@) —7, <1. Since the output to capital

ratio, k , typically satisfies the condition given by 0 <k <1 (see, e.g., Caselli, 2005, and Caselli and

Feyrer, 2007), it follows that —2 <—k <[z () —7,]k . Note that 7z{(a) -7, :(1—5)(1—1j—(1—v)
a

is increasing in « . Given (20), it then follows that 7°(c’) -7, =0. Since a-a =0at §=5 and

oa-o)| (-2t p)
05 | -Dv(-p)

a<a, so that 7°(@)-z, <0 and hence [z°(&)—x,]k<0. Thus, it follows from &> & that

<0 for all ve(0,)cR and B>1, if >0, we then obtain

&]<1. Meanwhile, if 5<&, so that @>a’, it follows that zf(@)-z,>0 and hence

[7(@)—7,]k >0. Thus, it follows from &< that |&|>1. As it turns out, at =7 the system
undergoes a bifurcation characterized by a change in both the stability property of the monomorphic
equilibrium (&,0) — ® and the existence status of the polymorphic equilibrium (o', 17) c ®. If the
threshold given by §=¢J is crossed from below (above), the bifurcation is characterized by the
monomorphic equilibrium (&,0) — ® ceasing to be a repulsor (an attractor) to become an attractor (a
repulsor), and by the polymorphic equilibrium (o, 1") = ® ceasing (coming) to exist. In any case,
this completes the demonstration that the long-run equilibrium with no firm playing the profit-sharing

strategy, (@,0) — @, is an attractor if & >0 and a repulsor if 5 <0 .
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The Jacobian matrix evaluated around the monomorphic equilibrium (&,1) C ® is:

0| -8(5-v) ]

(A.3) J(&,l)[o ‘1—(7T§(ﬂ)—7fn)k
wherez; (f) = (1-6)[1-(v/ f)] and 7, =1-v.

Let £ be an eigenvalue of the Jacobian matrix in (A.3). In this case, the eigenvalues of the Jacobian

matrix is (A.3) are also easily computed:
(A4 &=0 and & =b=1-[7(B)-x, k.
Therefore, the local stability of (¢,1) c® depends on the absolute value of &,. Given (A.4), it

follows that —1< &, <1 obtains if, and only if, 0<[7r5° (f (O))—;rn]k <2.

Since 0< 7 (#)<1 and O0<x, <1, it follows that —1< 7;(B)—=, <1. Therefore, given that it is

typically the case that 0 <k <1, we can infer that [ﬂ5° 03] —ﬂn}k <2.

It can be seen that 7, (a)-7, :(1—5)(1—Xj—(1—v) is increasing in « . Given (20), it follows that
a

2%(a")—x, =0. Given that f—a’ =0 at 5=5 and O(ﬁa—éa )= E(l_g))zv <0forall ve(0,1) c R
V_

and 5=V, if §>3, we then obtain f<a’, so that z%(B)—x, <0 and therefore [ﬁﬁ(ﬁ)—ﬂn]k <0.
Thus, it follows from &> that |&|>1. Meanwhile, if §<&, so that S>a’, it follows that

7S (B) -, >0 and hence [ﬂg(ﬂ)—ﬁn]k >0. Thus, it follows from <& that |&|<1. As it tumns
out, at o =9 the system undergoes a bifurcation characterized by a change in both the stability
property of the monomorphic equilibrium (&,1) c ® and the existence status of the polymorphic
equilibrium (a”,A") @ . In fact, if the threshold given by & =& is crossed from below (above), the
bifurcation is characterized by the monomorphic equilibrium (&,1) — ® ceasing to be an attractor (a

repulsor) to become a repulsor (an attractor), and by the polymorphic equilibrium (o, 1) c ®
coming (ceasing) to exist. In any case, this completes the demonstration that the long-run equilibrium

with all firms playing the profit-sharing strategy, (&,1) — ®, is an attractor if 5 <¢ and a repulsor if

0>0.

The Jacobian matrix evaluated around the polymorphic equilibrium (a*, /1*) cOis:
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S1-17) | -6(a"-v)

A=A (1-5)——k ‘ 1

(A5) J(a',A)=
(@)’
Let & be an eigenvalue of the Jacobian matrix in (A.5). We can set the characteristic equation of the
linearization around the equilibrium as:
a-¢| b
c

(AB) [J-¢1|= ¢

=& —(a+1)&E+(a+bc)=0,

where a=5(1-2)>0, b=5(a" —v) >0, and ¢ Eﬂ*(l—ﬂ*)(l—é)#k 50,
a

We can use the Samuelson stability conditions for a second order characteristic equation to determine
under what conditions the two eigenvalues are inside the unit circle. Based on Farebrother (1973, p.
396, inequalities 2.4 and 2.5), we can establish the following set of simplified Samuelson conditions

for the quadratic polynomial in (A.6):

(A7) l+a+bc>|~(a+l)|=a+l and a+hbc<l.

Let us prove that these conditions are satisfied if a+bc <1.

First, note that 1+a+bc >a+1 simplifies to bc >0, which is trivially satisfied given that b >0 and

c>0.

Meanwhile, the second inequality, a+bc <1, can be expressed as follows:

(A8) a+bc=6(1-1) {1+ vl 5)(’11()‘2‘* _V)k} <1,
(04

Substitution of (20) and (21) in the expression a-+bc yields:

[ B8 +V(B -1+ {V(S =15 + k(v=8)[V*S + B —Vv(B -1+ 25)]}

(A8-a) a+bc= LV(_0)

Note that at & =V it follows that a+bc =1. Besides, we have that:

_ _o9)_ k(v-1°(v—B)B , kv’(B-1)°
B e T

d(a+hbc) _

(A9) Bl (1-V)V?

<0

if we assume that the following condition is satisfied:

V+kv(2-V)

(A10) pB< k

Thus, since a+bc=1 at 5 =v and given (A.9), it follows that the inequality in (A.8) holds for all
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0e(0,v)cR. As a result, by assuming that (A.10) is satisfied, we can conclude that for all
5e(8,6)=(0,v) cR the stability condition in (A.8) is satisfied as well, so that the polymorphic

equilibrium represented by (", A") = ® is an attractor.
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