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Abstract: This paper sets forth a classical model of economic growth in which the distribution
of income features the possibility of profit sharing with workers, as firms choose periodically
between two labor-extraction compensation strategies. Firms choose to compensate workers
with either solely a conventional wage or a share of profits on top of this conventional wage.
In accordance with considerable empirical evidence, labor productivity in profit-sharing firms
is higher than labor productivity in non-sharing firms. The frequency distribution of labor-
extraction compensation strategies and labor productivity across firms is evolutionarily time-
varying as driven by satisficing imitation dynamics. We derive two main results which carry
relevant implications. First, heterogeneity in labor-extraction compensation strategies across
firms can be a stable long-run equilibrium configuration. Second, though the convergence to
a long-run, evolutionary equilibrium may occur with either a falling or increasing proportion
of profit-sharing firms, the net share of profits in aggregate income and the rates of net profit,
capital accumulation and economic growth, all nonetheless converge to their highest possible
long-run equilibrium values.
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1. Introduction

Employee profit sharing has experienced an increasing (even if fluctuating) popularity
in several advanced economies in the last few decades (D’Art and Turner, 2004, Kruse et al.,
2010). Meanwhile, from a longer-term perspective, there have been rising and falling waves
of interest in employee profit-sharing schemes since their inception in the 19" century
(Mitchell et al.,1990, D’ Art and Turner, 2006, Blasi, et al., 2013).

The main motivation behind a firm’s offering of profit sharing to workers is that
connecting workers’ earnings to the profit performance of the firm is believed in theory to
induce workers to increase commitment, effort and other attitudes leading to their higher
productivity. Therefore, by reducing shirking behavior, profit sharing may reduce supervision
costs (Fang, 2016). Indeed, attitude surveys find that both employers and employees usually
believe that profit sharing helps improve firm performance in several dimensions (Weitzman
and Kruse, 1990, and Blasi et al., 2010).

Some other compensation mechanisms through which employees’ earnings depend on
the performance of the firm (or work group) are gain sharing, employee ownership and stock
options. Meanwhile, profit-sharing plans themselves vary considerably, and some major ways
in which they differ concern what is shared (e.qg., total profits or profits above some target or
threshold level), how and when profit sharing is made (e.g., in cash or company stocks, in a
deferred or non-deferred way) and with whom profit sharing is made (e.g., directly to
workers or to some workers’ retirement or pension plan). Nonetheless, there is robust survey
evidence that the combination of non-deferred and in cash profit sharing is ranked first by
employees as a motivation device (Blasi et al., 2010).

There is considerable empirical evidence that profit sharing raises labor productivity.
Although the estimated magnitude of the productivity gain varies across empirical studies, it
is frequently non-negligible. In fact, Weitzman and Kruse (1990) apply meta-analysis to
sixteen studies to find that the productivity gain of profit sharing is positive at infinitesimal
significance levels. Doucouliagos (1995) applies meta-analysis to forty-three studies to find
that profit sharing is positively associated with productivity. Cahuc and Dormont (1997) use
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French data to find that profit sharing firms outperform other firms in both productivity and
profitability. Conyon and Freeman (2004), using UK data, find that profit-sharing firms tend
to outperform other firms in both productivity and financial performance. D’Art and Turner
(2004) use data for 11 European countries to find that profit sharing is positively associated
with both productivity and profitability, while Kim (1998), using U.S. data, finds that albeit
profit sharing raises labor productivity, profits do not increase, given that gains from profit
sharing are cancelled out by raised labor costs. Meanwhile, in a field, quasi-experimental
investigation, Peterson and Luthans (2006) randomly assigned profit-sharing plans at three of
twenty-one establishments within a U.S. firm, finding that labor productivity and profits rose
in the profit-sharing establishments relative to the control group.

Against the background of the above evidence, this paper sets forth a classical model
of economic growth, in which the distribution of income can feature profit sharing with
workers. In attempting to extract labor from labor power more effectively, firms can behave
heterogeneously as regards the choice of compensation strategy. Firms periodically choose to
compensate workers with either solely a conventional base wage or a share of profits on top
of this conventional base wage. In accordance with the empirical evidence reported above,
workers in profit-sharing firms have a higher productivity than workers in non-sharing firms.
Moreover, any observed heterogeneity in labor-extraction compensation strategies across
firms and the resulting additional labor productivity gain that accrues to profit-sharing firms
are not parametric constants, but instead co-evolve endogenously towards the long-run as
driven by evolutionarily satisficing imitation dynamics. It turns out that our model is well
fitted to explore, for instance, possible explanations for evidence such as that U.K. firms do
switch modes of employee compensation frequently, with the gross changes in modes (which
include profit sharing) being far more numerous than the net changes (which in turn suggests
that firms seem to have trouble optimizing and that the transaction costs of mode switching
are relatively low) (Bryson and Freeman, 2010).

Moreover, we explore the implications of the coupled dynamics of the distribution of
labor-extraction compensation strategies across firms and the additional productivity gain that
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accrues to profit-sharing firms for the distribution of aggregate income between profits and
wages and thereby capital accumulation and economic growth. Arguably, given the essential
role of the functional distribution of income in the classical tradition, it is fitting to explore
the implications of profit sharing for capital accumulation and economic growth in the long-
run in a model that conforms to essential tenets of this tradition.*

The remainder of this paper is organized as follows. Section 2 describes the structure
of the model and investigates its behavior in the short run. Section 3 explores the coupled
evolutionary dynamics of the frequency distribution of labor-extraction compensation modes
across firms and the additional productivity gain that accrues to profit-sharing firms. This
section also investigates the implications of such coupled evolutionary dynamics for income
distribution and thereby capital accumulation and economic growth in the long run. The final
section summarizes the main conclusions reached along the way.

2. Structure of the model and its behavior in the short run

The model economy is closed and without government activities, producing a single
(homogeneous) good for both investment and consumption purposes. Production is carried
out by a large (and fixed) population of firms, which combine two (physically homogeneous)
factors of production, capital and labor, by means of a fixed-coefficient technology. Firms
produce (and hire labor) without facing realization (or effective demand) constraints, thereby
being able to sell profitably all its output production at the prevailing price level. However,
the model is cast in real terms.

In attempting to extract labor from labor power more effectively, an individual firm

chooses periodically between two worker compensation strategies: it compensates workers

! From a mainstream (of New Keynesian variety) perspective, Weitzman (1985) claims that profit
sharing can deliver full employment with low inflation. If part of workers’ total compensation is
shared profits, so that the base wage is lower, the marginal cost of labor is lower and firms will be
willing to hire more workers. As the marked up price is lower, a real balance effect creates a higher
aggregate demand and hence a higher desired output. Therefore, Weitzman (1985) sees involuntary
unemployment as due to downward wage inflexibility (Davidson, 1986-87, Rothschild, 1986-87). In
our model, the fraction of profit-sharing firms and the average labor productivity are endogenously
time-varying according to a satisficing imitation mechanism. Also, we explore implications of profit
sharing for growth performance in a classical model, in which the functional distribution of income
plays a key role.



with either solely a conventional (or subsistence) base wage ve R, (non-sharing labor-

extraction compensation strategy) or instead with a conventional base wage plus a share

0 €(0,1) cR on profits (profit-sharing labor-extraction compensation strategy). In a given
period there is a proportion Ae[0,1]<R of profit-sharing (or type s) firms, while the

remaining proportion, 1- A, is composed by non-sharing (or type n) firms. In accordance
with the empirical evidence on profit sharing reported in the preceding section, a profit-
sharing firm is willing to play such labor-extraction compensation strategy because it believes
that the resulting labor productivity gain will be sufficiently higher than otherwise. Labor
productivity is homogeneous across workers in firms playing a given worker compensation
strategy. Since the conventional base wage is assumed to be the same under both available
labor-extraction compensation strategies, a worker hired by a profit-sharing firm receive a
higher total compensation than a worker hired by a non-sharing firm along the economically
meaningful domain given by strictly positive profits for sharing firms.?

To keep focus on the dynamics of the distribution of labor-extraction compensation
strategies and its implications for the functional distribution of income and thereby economic
growth, we simplify matters by assuming that the conventional base wage, v, and the profit-
sharing coefficient, &, both remain constant over time. The distribution of labor-extraction
compensation strategies across firms, (1,1—A), which is given in the short run as a result
from previous dynamics, changes beyond the short run according to an evolutionary dynamic.
In the short run, for given values of the conventional base wage, profit-sharing coefficient,
productivity differential, distribution of labor-extraction strategies and, therefore, individual
and average profit shares, the short-run value of the rate of economic growth is determined.

As the economy evolves towards the long-run, the co-evolution of the frequency distribution

2 Empirical evidence shows that profit sharing has a meaningful effect on worker total compensation
(Kruse et al., 2010; Long and Fang, 2012). Capelli and Neumark (2004), for instance, find that total
labor costs exclusive of the sharing component do not fall significantly in pre/post comparisons of
firms that adopt profit sharing. This suggests that profit sharing tends to come on top of, rather than in
place of, a base wage. Meanwhile, Long and Fang (2012) also find that, although adoption of profit
sharing increases fluctuations in employee earnings, it also increases the growth of these earnings in
the longer term.
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of labor-extraction strategies and the labor productivity differential, by leading to changes in
the average share of profits, causes changes in the short-run value of the rate of economic
growth.

Formally, we define the productivity differential as:

(1) a=
a

n

where a_= X! /L, denotes the labor productivity of the i-th firm of type z=s,n, X! is the

total output of the i-th firm of type z =s,n, and Lir is the total employment of the i-th firm
of type = =s,n. While labor effort (and hence productivity) is homogeneous across firms of a

given type, labor effort (and productivity) is heterogeneous across the two types of firms. For

simplicity, we normalize labor productivity in non-sharing firms, a,, to one, so that we
obtain a, = >1 in (1). As it turns out, profit-sharing firms can be intuitively described as

firms willing to bet on the prospect of attaining a productivity differential, « , which is high
enough to allow them to have a lower unit labor cost than non-sharing firms. At the end of
the day a sharing firm expects such productivity differential to be high enough to allow it to
have a higher net profit rate (i.e., net of shared profits) than a non-sharing firm. However, as
explored in the next section, the resulting labor productivity differential may fall short of the
level required for the profit-sharing bet to prove successful.

Using (1), the total real profit of the i-th firm of type ¢ is given by:

=YX ifr=s,
?) R=X-v' =" &

@-v)X!, if r=n,

which requires further assuming that v<a, =l<a, =« .

Considering (2), the profit share of the i-th firm of type ¢ is given by:

= s s

R 1-Y=g ifr=s,
(3) T, XT' a
4 l-v=rx_, ifr=n.

n?



The first profit share expression in (3) denotes the proportion of gross profits in the output of
sharing firms, since an exogenously given fraction of such profits, given by 6 € (0,1) R, is
shared with workers. Thus, using (3), the net profit share of each sharing firm in the short run
is given by:

4) zs! Ew:(l—5)(1—l]=(l—5)ﬂs =7 .
X a

s,i
Of course, by assumption, the net profit share of each non-sharing firm in the short run is

equal to the (gross) profit share 7, , as defined in (3).
The conditional expected value of the net profit share 7° given the type 7 is simply:

Z_): 72'5, ifZ'=S,
z. , if r=n.

n !

(5) E(ﬂ'

Based on the law of iterated expectations (see, e.g., the simplified version in Wooldridge,

2010, Property CE.2, p. 31) and the conditional expectation (5), we can establish the short-

run average profit share 7° as the expected net profit share in the short run for a given

frequency distribution of labor-extraction compensation strategies across firms (1,1-1):

r)} = JE(7*

Let k' =X!/K! be the output to capital ratio of the i-th firm of type 7 =s,n, where

6) 7°(a, 1) =E(z°) = E[E(ﬂ'

T= S)+ (1—/1)E(7r°

T= n) =An{+(1-)x,.

K! is the respective capital stock. We assume that these individual ratios remain constant

when firms switch labor-extraction compensation strategy. Using (2)-(3), the (gross) profit

rate of the i-th type = firm in the short run can be expressed as follows:

) ri:Rri_ 7Z'Ski, if =5,
T_Ki k', if r=n.

Based on (7), the net profit rate of the i-th sharing firm in the short run is given by:

(8) o E(l‘KLi)RSi:(l—(S)[l—ljki =7k’
(04
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Evidently, by assumption, the net profit rate of the i-th non-sharing firm in the short run is
equal to 7z k'.
We further assume that the individual output to capital ratios given by k' =X'/K!

are randomly distributed across the population of firms around the average value given by

keR, ., which is taken to be an exogenously given constant. Thus, the conditional expected

++ 1

value of the net profit rate r° given the type z is simply:

Z')= 7Z'sck, ifTZS,
zk, ifr=n.

9) B(r

Based on the law of iterated expectations and the conditional expectation in (9), we can then

define the short-run average profit rate T° as the expected net profit rate in the short run for a

given frequency distribution of employee compensation strategies across firms (4,1—A4):

r)} :/1E(rC

Therefore, a comparison between (6) and (10) shows that in the short run the average net

(10) Tr°=E(r%) :E[E(rC T= s)+(1—2,)E(rC T= n):[ﬂ,ﬂ;’ +(1—ﬂ)7zn]k.

profit rate is a multiple of the average net profit share, so that these two profitability measures
always move in the same direction.
As assumed earlier, the population of firms, the conventional base wage, v, the labor

productivity in non-sharing firms, a,, the profit-sharing coefficient, &, the individual output
to capital ratios, {k‘}ie[ovl]cR, and the average output to capital ratio, k, all remain constant

over time. The short run period t is defined as a time frame in which the aggregate capital

stock, K,, the aggregate labor supply, N,, the productivity differential of profit-sharing
firms, a,, =, the frequency distribution of labor-extraction compensation strategies across
firms, A, and therefore the distribution of income as measured by the average net profit

share, 7, can all be taken as predetermined by previous dynamics.®

% As in the next section we explore the behavior of the economy in the transition from the short to the
long run, thereafter we attach a subscript t to the short-run value of all variables (be they endogenous
or predetermined).



The economy is inhabited by two classes, capitalists who own the firms and workers.
Workers provide labor and earn solely a conventional base wage income, when they work for
non-sharing firms. Workers in sharing firms also receive a share of the latter’s profit income,
which is the entire surplus over the respective base wage bill. We assume that workers’ total
compensation is all spent on consumption, while capitalists homogeneously save a fraction,
y€(0,1) c R, of their net profit income. As we further assume that capitalists save in order
to fully finance their investment decisions, it turns out that all net profit income not consumed
is automatically invested. Therefore, assuming for simplicity that individual capital stocks do
not depreciate, the growth rate of the capital stock (and output) of the i-th firm of type r can

be expressed as follows:

1-5)R! . -
i 7/(—|)” :y(l—é')(l—ljk' =ym k', if r=s,
i Sr,t Tt t
(11) gz‘,t E_|: i
KTVt j/Rr,t i i H
U y@-VK' =yz k', if r=n,
7t

where Sj‘t stands for the net savings of the i-th firm of type 7.

Given that the individual output to capital ratios are randomly distributed across firms
around the average value k, it follows that the conditional expected value of the growth rate

g, at the period t given the type 7 is simply:

yrg kK, if r=s,
12 E =177
12 (a]7) {mnk, if r=n.

Using again the law of iterated expectations and considering the individual growth
rates in (11), we specify the short-run average growth rate g, at each period t as the expected

growth rate in the short run for a given frequency distribution of employee compensation

strategies across firms (4,,1-4,):

(13) (e, 4)=E(9) =E|E(g|7) |= AE(g,|r =5)+ @A~ A)E(g,|r =n)=y[ Axs, + L~ A)7, K,

which can be re-written based on (6) as follows:



(13-3) 0, 4) = 7K (@, 4).

Note that the short-run average growth rate in (13-a) depends on parametric constants along

with the labor productivity differential, «,, and the frequency distribution of labor-extraction
compensation strategies, A,, which are predetermined in the short run and co-evolve in the

transition from the short to the long run (as described in the next section). Expectedly, in light
of the classical nature of the macroeconomic dynamic, the short-run average growth rate
varies positively with the (homogeneous) saving propensity of capitalists and the average net
profit share in aggregate income. The intuition for this result is that economic growth is
driven by capital accumulation from the aggregate saving of capitalists.

3. Behavior of the model in the long run

The economy moves toward the long run due to changes in the aggregate stock of

capital, K, coming from changes in the individual stocks of capital, {K‘}ie[o’l]dR, the supply

of available labor, N, the labor productivity differential, «, and the frequency distribution
of labor-extraction compensation strategies, 4. However, to sharpen focus on the coupled
dynamics of the frequency distribution of labor-extraction compensation strategies and the
productivity differential as state variables, we further assume that the aggregate labor force
grows endogenously at a rate equal to the average growth rate of the capital stock, as defined
in (13).4

Let us then start by deriving the dynamics of the productivity differential. At a given

short-run period t there is a fraction A <[0,1] <R of the population of firms, which may

4 Consequently, the constancy of the productivity differential and the distribution of labor-extraction
compensation strategies in the long-run equilibrium guarantee the constancy of the employment rate
as well. In fact, the assumed constancy of the individual output to capital ratios implies that, in the
long-run equilibrium, the growth rate of the employment level of the i-th firm of type 7 is given as
in (11). Therefore, in the long-run equilibrium, the conditional expected value of the growth rate of
the individual employment level given the type 7 is determined just as in (12). As a result, we can
specify the average growth rate of the employment level in the long-run equilibrium as the expected
growth rate of the employment level in the long-run equilibrium for a given distribution (1,1—A4), as

defined in (13). Thus, our assumption that the aggregate labor force grows endogenously at a rate
equal to average growth rate of the capital stock implies that the aggregate labor force and the
employment level grow at the same rate in the long-run equilibrium.
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vary from one period to the next one, adopting the profit-sharing labor-extraction strategy.

The complementary fraction 1— 2, is made up of firms that pay only the conventional base
wage. Let Y, =AY, +(1-4)y, be the average earnings of workers at period t, where
Y., =V+OR, /L, and y, =v are the earnings of a worker in a profit-sharing firm and a
worker in a non-sharing firm in period t, respectively. Therefore, the differential between the
higher earnings and the average earnings can be written as y, — Y, =(1-4)0R,, /L, forall
4 €[0,] = R. In accordance with the empirical evidence reported earlier, we assume that the
extent to which productivity in profit-sharing firms is greater than productivity in non-sharing

firms varies positively with the relative earnings differential given by y,, —Y,. Formally, we
consider the following labor-extraction differential function:

(14) oy =T (Ve = V) = F(Q-4)6R, /Ly, ),

where f'()>0 and f"(-) <0 for all earnings differential (y,, —¥,) < R. Besides, we assume
that (ysliiyrglw f'(y,—y)=0. Therefore, in accordance with the empirical evidence that the
labor productivity gains arising from profit sharing are not unlimited, the labor-extraction
differential in (14) not only rises at a decreasing rate, but also tends to become insignificant

for very large values of the relative earnings differential.> We can use (2) to re-write (14) as

follows:
(15) &y =T (602 ) (e V).
As re-written in (15), it follows that the labor-extraction differential function has quite

intuitive an interpretation. Given that ¢, is the output per worker of a profit-sharing firm and
v is the corresponding unit wage cost of labor, it follows that ¢, —V is the profit per worker
of a profit-sharing firm and J(e, —V) is the amount of profit per worker of an individual

profit-sharing firm which is shared with its employees. Thus, given ¢, and 4,, it follows that

® The meta-analyses conducted in Weitzman and Kruse (1990) and Doucouliagos (1995), for instance,
find that the size of the estimated effect of profit sharing on labor productivity is usually on the order
of 3 to 7 percent.
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the next-period labor-extraction differential, ¢, ,, varies positively with the profit-sharing
coefficient and negatively with the conventional base wage. Meanwhile, given ¢,, v and &,

the next-period labor-extraction differential increases with 1—4,, which is the proportion of
firms playing the non-sharing compensation strategy in a given period, which is an indicator
of the prospects of not receiving any shared profits in the next period. Since an increase in

1- A, performs as an incentive on workers in profit-sharing firms in the next period to deliver
a higher labor productivity differential, it follows that 6(1— A, )(e, —V) can be interpreted as
reflecting how valuable it is for an individual worker to be hired by a profit-sharing firm.

In fact, it follows from (15) that de,, /04, =—6(e, —V) (51— A ) (e, —V)) <0 for all
4 €[0,] <R and for any e, >V (recall that the latter condition was assumed earlier to

ensure strictly positive gross profits for profit-sharing firms in (2)). It follows that the greater
the proportion of sharing firms in a given short-run period, the smaller the positive labor-
extraction differential between sharing and non-sharing firms in the next period. One firm’s
decision to play the profit-sharing labor-extraction strategy in a given period, by reducing

01— A)(e, —V) for a given «, and making it less valuable to workers to be employed by a

sharing firm in the next period, has a negative payoff externality on all other sharing firms.
Thus, there is strategic substitutability in the firms’ choice of labor-extraction compensation
mechanism. Meanwhile, if all firms choose to play the profit-sharing labor-extraction strategy
(4 =1), the relative earnings differential represented by Y, —Y, = (-4 )(e, —V) vanishes.
In this case with all firms playing the profit-sharing strategy, given that labor productivity
becomes uniform across all firms, and should be higher than the average labor productivity
when all firms instead pay only the conventional base wage (recall that the productivity in

non-sharing firms was normalized to one), we further assume that f (0) >1. Conversely, if all

firms choose to play the non-sharing compensation strategy (4, =0), the potential relative
earnings differential given by Y, —V, =(a, —V) takes its maximum value. In this case, a

non-sharing firm which switches compensation to the profit-sharing mode is able to reap the
11



largest possible additional labor-extraction gain, since f (5(e, —Vv))> f (5(1—4)(e, —V))for
all 4 €(0,1]]<R and for any ¢, >Vv. In order to better convey the substance of all these

properties of the labor-extraction differential function (15), they are all represented in Figure

1.

at +1

f(5(a-V)) L T(60-A)a V)

F(0) frrrrrmrrrer :

0 T A

Figure 1. Labor-extraction differential function
The following intuitive rationales can be proposed for the additional labor-extraction
gain in (14). First, the average earnings can be seen by a worker as a conventional estimate of
her outside option or fallback position. Consequently, workers who receive a share of profits
in addition to a conventional base wage generate an extra productivity gain (relatively to the
productivity gain they would offer if remunerated with only a conventional base wage) which
increases with the excess of the higher earnings over their outside option or fallback position.
Second, the average earnings can be perceived by a worker as a norm-based reference point
against which a compensation package featuring a conventional base wage and shared profits
should be compared when she is deciding how much above-normal productivity to provide in
return. Therefore, above-average earnings could be seen by workers as warranting the offer
of above-normal levels of productivity. In fact, Blasi, Kruse and Freeman (2010) propose an
interesting rationale for profit-sharing compensation based on reciprocity and gift exchange
(as these notions are suggestively articulated in Akerlof (1982)): a “gift” of higher worker

compensation through profit sharing raises worker morale, and workers then reciprocate with

12



a “gift” of greater productivity. More generally, a “gift” of profit-sharing compensation on
top of a conventional base wage can be interpreted as helping to create and reinforce a sense
of shared interests and the value of a reciprocal relationship. Alternatively, the norm-based
reference point provided by the average earnings can be intuitively interpreted as reflecting
workers’ earnings expectation under unavoidable conditions of uncertainty. As a result, an
employee compensation package featuring a conventional base wage complemented with
some shared profits is greeted as a quite pleasant surprise which warrants the reciprocation of
above-normal levels of labor productivity.

Let us now describe the evolutionarily satisficing imitation dynamics which yield the

law of motion of the proportion of sharing firms, 4, following the suggestive contributions

of Herbert Simon.® As elaborated by Simon (1955, 1956), satisficing is a theory of choice
centered on the process through which available alternatives are examined and evaluated. By
conceiving of choice as intending to meet an acceptability threshold rather than to select the
best of all possible alternatives, satisficing theory openly contrasts with optimization theory.
As imaginatively suggested by Simon, this contrast is analogous to ‘looking for the sharpest
needle in the haystack’ (i.e., optimizing) versus ‘looking for a needle sharp enough to sew
with’ (i.e., satisficing) (Simon, 1987, p. 244).

A sharing firm i takes her current net profit rate given by (8) and compares it with the

net profit rate she considers acceptable, which is denoted by p'. Taking t as the current

period, if z¢.k' > p', this sharing firm i does not even consider changing her labor-extraction

compensation strategy in t+1. Otherwise, if p'/k' > z°

<1, the sharing firm i in question then
becomes a strategy reviser. The net profit rate that is acceptable to a given firm depends, inter
alia, on idiosyncratic features, and we assume that the acceptable net profit rate is randomly

and independently determined across firms and over time.

® The formal derivation of this evolutionarily satisficing imitation dynamic is based on Vega-Redondo
(1996, p. 91).
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We further assume that the ratio given by p'/k’ is a random variable with cumulative
distribution function F:R, —[0,1] <R which is continuously differentiable and strictly

increasing. As a result, the probability of randomly choosing a firm i in the subpopulation of
sharing firms who considers the current net profit rate ﬂgvtk‘ as unacceptable is given by:
(16) Pr(p' > %) =Pr(p' /k' > z,) =1-F(x¢,).

Following Vega-Redondo (1996, p. 91), let us now suppose that when such satisficing
behavior transforms a sharing firm into a potential strategy reviser she will switch to the other
labor-extraction compensation strategy with probability given by the fraction of firms who
have previously adopted the alternative strategy. This is an imitation effect, which can be
associated with the idea of rule-of-thumb behavior in the present setting of choice of worker
compensation strategy triggered by satisficing. Under this premise and further assuming that
the random variables related to the satisficing and imitation effects are independent from each

other, the measure of sharing firms who become non-sharing firms is then given by:
(17) A= F (7 )lA-4).
Analogously, based on (7), the efflux from the population of non-sharing firms who becomes

sharing firms is given by:

(18) A-2)Pr(p' > 1) A =(A-2)Pr(p' /K > 7,)4 = 1~ 2)1-F(z,)l4.
Therefore, subtracting (17) from (18) yields the following evolutionarily satisficing imitation
dynamic:

(19) Aa—h =4 A= A)[F(z5) - F ()]

As it turns out, given that F () is a strictly increasing function, a rise in the relative
net profit rate associated with the profit-sharing labor-extraction compensation strategy in the
current period leads to an increase in the proportion of firms playing this strategy in the next
period, whilst the opposite takes place when the relative net profit rate associated with the
non-sharing labor-extraction compensation strategy rises. Thus, the evolutionary dynamics in

(19) reflects the operation of a selection mechanism according to which the proportion of

14



firms playing a given labor-extraction employee compensation strategy varies positively with
the relative fitness or net profit rate of such strategy.

Consequently, the state transition of the economy is driven by the system of difference
equations in (15) and (19), whose state space is @ ={(x,4) R’ e, >V,0< A <1}, as
represented by the shaded area in each panel in Figure 2.

We will show that the dynamic system represented by (15) and (19) has two long-run
equilibria featuring survival of only one labor-extraction compensation strategy in each of

them. These monomorphic (pure-strategy) equilibria are denoted by E, and E, in the three

panels included in Figure 2. Moreover, we will show the possible existence of a third long-

run equilibrium (denoted by E, in panel (b) in Figure 2), now featuring the survival of both
labor-extraction compensation strategies (polymorphic equilibrium).

Note that 4, =4 =0 for any t€{0,1,2,..} readily satisfies (19) for any state

(¢,,0) € ®. Moreover, let a,,, =a, =a €(v,0)cR for any te{0,1,2,...}. In this case, the
difference equation in (15) is satisfied for any t €{0,1,2,...} if the following condition holds:
(20) a="f(s@-v)).
We demonstrate in Appendix 1 that & € (v,0) — R exists and is unique. Therefore, one of the
two monomorphic long-run equilibria of the system, E, in Figure 2, is given by the state
(«,0) c ®, which features the non-sharing labor-extraction compensation strategy as the
only survivor.

Meanwhile, if 4, =4 =1 for any t€{0,1,2,...}, the difference equation in (19) is
satisfied for any state (¢,,1)€® and, given (15), it follows that ¢,,, =a, = f(O) for all
te{0,1,2,...}. Therefore, the other monomorphic long-run equilibrium of the system, E, in
Figure 2, is represented by the state (f(0),1)c®, which features the profit-sharing labor-

extraction compensation strategy as the only survivor.
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Finally, if 4,,=4 =4 €(0,)cR for any te{0,12,...}, the difference equation in
(19) is satisfied, as F(-) is continuous and strictly increasing, if the individual profit shares

7, and 7z, defined in (3) and (4) become equalized for any t €{0,1,2,...}. Even though the

stationarity condition given by A,=4 =14 €(0,)cR for any te{0,1,2,..} does not
imply equalization of individual net profit rates due the heterogeneity in output to capital

ratio across firms, the conditional expected value of the net profit rate r° given the type 7 in

+C

(9) and the short-run average profit rate 7° in (10) nonetheless become equalized. In other
words, the expected profitability associated with each strategy becomes equalized with the
average profitability. Interestingly, therefore, although there is not equalization of individual
actual net profit rates (due to the heterogeneity in output to capital ratio across firms), there is
nonetheless equalization of expected net profitability across firms.

Given that the labor-extraction differential (which is equal to the labor-extraction in
profit-sharing firms) is the only adjusting variable amongst the determinants of the individual
profit shares in (3) and (4), the latter become equalized when the long-run equilibrium value

of the labor-extraction differential is given by:

o = @-o)v

1) V-0

where we assume that v > &. Meanwhile, given that ¢,,, =, =" for all te{0,1,2,..}, the
difference equation in (15) is readily satisfied if the following condition holds:

(22) o =f(s(-2")a -v)).

As demonstrated in Appendix 2, there is a unique A~ e (f(0),&) =R which satisfies (19) if
the following necessary and sufficient condition is satisfied:

(23) fO<a <.

Therefore, if the condition in (23) is satisfied, there exists a third long-run equilibrium given
by the state (a',A) = ® (and denoted by E, in panel (b) in Figure 2), which features the
survival of both labor-extraction compensation strategies in the long run.
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The well-defined ordering in (23), which implies and is implied by the existence and

uniqueness of the polymorphic equilibrium, E,, can be interpreted intuitively with recourse

to Figure 3, which plots the next-period labor-extraction differential as a function of its
current-period value. Note that, ceteris paribus, the function in (15) shifts down with an

increase in the proportion of profit-sharing firms at period t. More precisely, this function

rotates clockwise around the point (v, f(0)) as 4, increases, due to the resulting squeeze in

the relative earnings differential given by y, —Y, forevery o, >v.

ﬂ’t

L] -

L A4 =0
0 v f(0) a a at

(a) Relatively weak labor-extraction differential: f(0)<a <a’

/It

E,

v: f:(O) ot

(b) Relatively moderate labor-extraction differential: f(0)<a <a
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R T0) AR

(c) Relatively strong labor-extraction differential: " < f(0) <&

Figure 2. Phase diagram for different magnitudes of the labor-extraction differential

at+l
f(5(at—v))
f(8(-A")(e V)
O | LA =1
0 v fI(O) e 07 %

Figure 3. Ordering of labor-extraction differentials when there is a polymorphic
long-run equilibrium

Let us now explore the dynamics of the system towards the long run as governed by

the motion equations in (15) and (19). The Ae, =¢,,; —¢, =0 isocline is the locus of all the
states of the set given by {(at,ﬂ,) e®: f(61-A) (e —V))—¢ :0}. Therefore, this isocline
connects the equilibrium solutions E, and E,, as depicted in Figure 2. In order to know more

about the A, =0 isocline, we can use (15) to compute the following derivative:
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(24) da|  _6@-2)f'(80-A)(e-v)-1

de, s 0 S, =) f'(5QA-A) (e V)

The sign of (24) in the neighborhood of both monomorphic long-run equilibria (4" =0 and

A" =1) can be determined by taking the limit of (24) as the state of the system approaches

each of these equilibria. These limits are given by:

Al 1 ga iim YA ot(o@-—v)-1
@0 de | - S@-v)f'(5@-v))

25 lim =
( )(amw(uoxl)dat\mzo o(f(0)-v)f'(0)

with the sign of the second limit in (25) coming from (A-2.2) in Appendix 2. The reason why
in the vicinity of the extinction of one of the existing labor-extraction strategies, the higher is
the labor-extraction differential, the lower is the proportion of profit-sharing firms, is that a
higher relative earnings differential is then necessary to generate a higher labor-extraction
differential (recall that because there is strategic substitutability in the firms’ choice of labor-

extraction compensation mode, the labor-extraction differential in (14) rises at a falling rate).

Meanwhile, the A4, = 4,,, — 4, =0 isocline is the locus of all the states of the set given
by {(e, 4)€®: 4 =0} U{(a, 4) €O 4 :l}u{(at,/t) €0:aq, =a*}. As depicted in Figure

2, this set is represented by a semi-inverted H-shaped isocline.

From the local stability analysis carried out in Appendices 3-5, the following results
emerge. In the configuration depicted in panel (a) in Figure 2, the additional labor-extraction
gain for sharing firms returned by a given relative earnings differential is relatively low. In

this case, there are only two monomorphic long-run equilibria, which are E, =(,0) , with no
firm playing the profit-sharing labor-extraction strategy, and E, =(f(0),1), with all firms
rather playing the profit-sharing labor-extraction strategy. As shown in Appendices 3 and 4,
E, =(f(0),1) is arepulsor, while E, =(&,0) is an attractor.

Meanwhile, in the situation depicted in panel (c) in Figure 2, the additional labor-
extraction gain for profit-sharing firms ensured by a given relative earnings differential is

relatively high. Therefore, there are only two monomorphic long-run equilibria, which are
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E, =(&,0), with all firms playing the non-sharing labor-extraction compensation strategy,
and E, =(f(0),2), with all firms playing the sharing labor-extraction strategy. As shown in
Appendices 3 and 4, while E, =(f(0),1) is an attractor, E, =(&,0) is a repulsor.

Finally, in the configuration depicted in panel (b) in Figure 2, the additional labor-

extraction gain accruing to profit-sharing firms is relatively moderate. In this case, there are
again two monomorphic long-run equilibria, E, =(«,0) and E, =(f(0),1), but now also one
polymorphic long-run equilibrium, E, =(a",4"), which is characterized by heterogeneity in
labor-extraction compensation strategies in the population of firms. As shown in Appendices
2-5, E,=(@,0) and E, =(f(0),1) are repulsors, whilst E, =(a",4") is an attractor provided
condition (A-5.4) in Appendix 5 is satisfied.

Nonetheless, since the state space of the system is positively invariant (as shown in
Appendix 6), in this configuration heterogeneity in labor-extraction compensation strategies
does persist in the long run even if the polymorphic long-run equilibrium is not an attractor.
This positive invariance implies that, if the long-run equilibrium with coexistence of both
labor-extraction compensation strategies is not an attractor, the system keeps undergoing
endogenous, self-sustaining and persistent fluctuations in the frequency distribution of labor-
extraction compensation strategies and the average productivity, with the average levels of
the income shares and economic growth persistently fluctuating as well. In fact, Mitchell et
al. (1990) and D’Art and Turner (2006) find that the adoption of profit sharing schemes has
tended to be cyclical in nature in many advanced countries since the origin of these schemes
in the 19th century.

It is worth computing the long-run equilibrium values of the functional distribution of
income and economic growth in each one of these three configurations as regards the relative
magnitude of the additional labor-extraction gain which accrues to profit-sharing firms, as
depicted in Figure 2. We can use (3), (4), and (6) to establish that:

(26) 7°(@,0)=7(a’,A)=nm,=1-V,

and:
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7) 77°(f(0),1):7r5°(f(0)):(1—5){1—%},

where the first equality in (26) follows from the fact that E, = (", A") is defined implicitly
by the condition given by 7] (e, 4)—7, =0 (recall that the profit share of non-sharing
firms is an exogenously given constant). In panel (a), which features « > f(0), we obtain
7°(a,0) > 7°( f(0),1) and, consequently, using (13-a), g°(a,0)>g°(f(0),1). In panel (b),
which features o > f(0), we obtain 7°(,0)=7°(a", A7) >7°( f(0),1), with (13-a) then
yielding g°(&,0)=g°(a’, A7) > g°(f(0),1). Meanwhile, in panel (c), in which « < f(0),
we obtain 7°(a,0) < 7°( f(0),1), it following from (13-a) that g°(&,0) < g°(f(0),1). Thus,
if the economy converges to a long-run equilibrium (which may not occur in panel (b), as
shown in Appendix 5), the coupled evolutionary dynamics of profit-sharing adoption and
labor-extraction gain takes the economy to a configuration in which the average values of the
net profit share, net profit rate and rate of economic growth are all at their highest possible
long-run equilibrium levels.

Finally, note that despite the possibility of a stable long-run equilibrium outcome with
strategic dualism, the evolutionary dynamic in (15) ensures that the expected (net) rates of
profit associated with the coexisting labor-extraction strategies become equalized. However,
in our one-sector model, equalization across individual expected profit rates is brought about
not by classical competition with capital mobility across different sectors, but by evolutionary
competition with firms’ (and their capital stock) mobility across alternative labor-extraction
compensation strategies.

4. Conclusions

This paper is motivated by several pieces of suggestive empirical evidence. First,
historically, there has been a persistent heterogeneity in worker compensation strategies
across firms, and profit-sharing schemes have experienced a fluctuating popularity. Second,

profit sharing raises labor productivity in the firm, and surveys find that both employers and

workers usually perceive profit sharing as helping to improve firm performance in several
21



dimensions. Third, surveys find that non-deferred and in cash profit sharing is ranked first by
workers as motivation device. Fourth, firms switch mechanisms of worker compensation
(which include profit sharing) frequently, with the gross changes in mechanisms being more
numerous than the net changes. Fifth, profit sharing has a meaningful effect on worker total
compensation, which suggests that profit sharing tends to come on top of, rather than in place
of, a base wage.

Against this empirical backdrop, this paper formally models firms as periodically
choosing to compensate hired workers with either solely a conventional base wage or a share
of profits on top of this conventional base wage. As a result, the frequency distributions of
labor-extraction compensation strategies and labor productivity in the population of firms are
evolutionarily time-varying as driven by satisficing imitation dynamics. Besides, we explore
the implications of this coupled evolutionary dynamics for income distribution and economic
growth.

When the additional productivity gain for profit-sharing firms is relatively low, there
are two long-run equilibria, one featuring all firms sharing profits and the other with no firm
sharing profits. While the former is a repulsor, the latter is an attractor. When the additional
productivity gain for profit-sharing is relatively high, the economy has the same two long-run
equilibria. However, the long-run equilibrium with all firms sharing profits is an attractor,
while the long-run equilibrium with no firm sharing profits is a repulsor. When the additional
productivity gain for profit-sharing firms is relatively moderate, there is another long-run
equilibrium, now one that features heterogeneity in worker compensation modes across firms.
In this case, the long-run equilibria with survival of only one strategy are repulsors, while the
long-run equilibrium with coexistence of both strategies can be an attractor. However, even if
the long-run equilibrium configuration with coexistence of both labor-extraction strategies is
not an attractor, the economy keeps undergoing endogenous, self-sustaining and persistent
fluctuations in the distribution of labor-extraction compensation strategies and average labor
productivity (which accords with the empirical evidence), with functional income distribution
and economic growth persistently fluctuating as well.
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Meanwhile, when there is convergence to some of the three long-run equilibria, the
average net profit rate (which excludes shared profits) and the rates of capital accumulation
and economic growth are both at their highest possible long-run equilibrium values. Besides,
individual expected (net) profit rates become equalized across firms (and hence compensation
strategies) even in the long-run, evolutionary equilibrium configuration with coexisting labor-
extraction strategies. However, such profit rates equalization is brought about by evolutionary
competition with firms’ mobility across labor-extraction employee compensation strategies
and not by classical competition with capital mobility across sectors.
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Appendix 1 - Existence and uniqueness of a long-run equilibrium with all firms playing
the non-sharing labor-extraction strategy

Let x=a—v and h(x) = f(6x)—Vv. In order to show the existence and uniqueness of a given
a e (v,0) = R which satisfies (20) we have to show that the function h has a unique strictly
positive fixed point, i.e, there is a unique real value X =& —v such that X =h(X).

We can accomplish this by using Theorem 3 in Kennan (2001, pp. 895), which makes it

possible to ascertain that h has a unique X e R, _, if the following conditions are satisfied: (i)

h is increasing; (ii) h is strictly concave; (iii) h(0)>0; (iv) h(a) >a for some a>0; and
(v) h(b)<b forsome b>a.

Conditions (i) and (ii) are satisfied. Since f'(-)>0 and f"(-) <0 in the entire domain of f , it
follows that for all x e R, we have:

(A-1.2) h'(x) =5 f'(6x) >0 and h"(x) =6 f"(6x) <0.

Therefore, the function h is strictly increasing and strictly concave.

Condition (iii) is also satisfied. Since f(0) >1> v, it follows that h(0) = f (0)—v>0.

Condition (iv) is satisfied as well. Given that 0<v <1, it follows that 0 <1-v<1. Besides,

since h is strictly increasing and f (0) >1, it follows that there is a given a=1-v such that
hl—-v) = f (6@-v))-v> f(0)-v>1-v.

Condition (v) is also satisfied. Recall that we have assumed that ( Ii[{1 f'(y,—-y)=0.
Ys—Y)—>x
Therefore, since y,—yY=0d(a—Vv)=0x for 1=0, it follows that lim(y,—Yy)=Ilimox=o0.

For A =0, we can deduce that Iim@: lim

X—00 X X—00

M: lims f'(6x) =0, where in the last
X

equality we have used L'Hépital's rule. Thus, we can assert that for every ¢ >0 there is some

h(x)

X

M >0 such that for all x> M we have <& . This last inequality can be re-written as

h(x) < ex, since h(x)= f(6x)—v> f(0)—v >0 forall x>0.We can set £=1. In this case,
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there is some M >0 such that for all x> M it follows that h(x) < x. Thus, it is enough to

choose any x=b > Max{M,a} to obtain h(b)<b and b>a=1-v.

Appendix 2 - Existence and uniqueness of a polymorphic long-run equilibrium (both

labor-extraction compensation strategies are played across the population of firms)
Let #(a, A1) =a— f (5(L-A)(e—V)). Condition (22) is satisfied if, and only if, ¢(a”’, 1) =0.
Let us show that, given «, if condition (23) is satisfied, there is a unique A" €(0,1)cR

such that ¢(a’,47) =0.

Given the existence and uniqueness of the fixed point & shown in Appendix 1, we can use

the Index Theorem (Kehoe, 1987, p. 52) to write:

o (s(@-v)) 4
oa -

(A-2.1) index(a) = sgn (1
where sgn(-) stands for the sign function. Based on this function, we can establish that:
(A-2.2) %:1-51"(5(&4))».

Therefore, given the existence and uniqueness of &, the graph of ¢(a, 1) in the plane given
by {(a, ) e R?} always crosses the 45-degree line only once and from above, as shown in
Figure 3. Since it follows from (20) that ¢(a,0)=a — f (5(a—V)) =0, we can conclude that
#(a,0)=a—f (5(a—Vv))<0 forall ae(v,a@)cR. Forall «" <a, then, we can infer that:
(A-2.3) #a’,0)=a"~f(5(a"-v))<0.

Moreover, it is straightforward that (23) implies that:

(A-2.4) (o )=a —1(0)>0.

Since ¢(a’,0)<0, ¢(a’,1)>0 and ¢ is continuous along the domain, we can then apply the

intermediate value theorem to readily conclude that there is some A" €(0,1) R such that

#(a”, 1) =0. Moreover, given that f'(-)>0 forall 1<[0,1]< R, we have:
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og(a”, )

(A-2.5) 2

=5(a"—v) f'(s@-2)(a" -V))>0,
for all 2 €[0,]] = R. As a result, since the function in (A.2-5) is continuous in the closed

interval [0,1] = R, there isonly one A" €(0,1) c R such that ¢(a’,A") =0.

Appendix 3 - Local stability of the monomorphic long-run equilibrium with all firms
playing the non-sharing labor-extraction strategy
The Jacobian matrix evaluated around the equilibrium (&,0) — ® is given by:

st'(s@-v)) | -s@-v)t'(s(@-v))
0 | 1+F(zi(@))-F(z,) |

(A-3.1) 3(@,0) = {

where z{(a)=(1-6)(1-v/&) and 7, =1-v.
Let & be an eigenvalue of the Jacobian matrix (A-3.1). We can set the characteristic equation

of the linearization around the equilibrium:

a-¢| -b
(A-3.2) |J—§||=‘O—'C—_§‘=§2—(a+c)§+ac=o,

where a=6f'(6(@-v))>0, b=s(@-v)f'(s(@-v))>0, and c=1+F(r(a))-F(z,). The
solutions of (A-3.2) are the eigenvalues of the Jacobian matrix (A-3.1), which are given by:
(A-3.3) &=6t"(5(@-v)) and & =1+F(z*(@)-F(z,).

Let us investigate the absolute value of & . Given that >0 and f'(-)>0 along the domain, it
follows that & =6f'(S(@—Vv))>0. Also, it follows from (A-2.2) that & =df'(5(@-v))<1.
Hence, it follows that |&|<1.

Let us check the absolute value of &,. We want to find under what condition(s) it follows that
-1<¢&, <1. Per (A-3.3), it then readily follows that -1<¢&, <1 obtains if, and only if,

2 <F(z*(@)-F(r,) <0.
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Since 0<F(7(@))<1 and 0<F(r,)<1, we obtain that —-1<F(z(a))-F(z,)<1. It then
follows that F(z(a))-F(z,)>-2. As F() is continuously differentiable and strictly
increasing, F(z(a))—F(x,) is increasing in « . Given (21), we have z{(a)-x, =0 and,
then that F(z°(a’))-F(r,)=0. Therefore, if @<a (panel (a) in Figure 2), we find that
75(@) -, <0, and hence that F(z%(a))—F(z,) <0, which means that |&,|<1 if @ <a . But if
a>a (panels (b) and (c) in Figure 2), it readily follows that 7°(a)-7, >0, and hence that
F (7 (@))-F(rz,) >0, so that |§2| >1if @ >a . This completes the demonstration that the long-
run equilibrium with no firm playing the profit-sharing strategy, (&,0) c ©, is an attractor if
a<a (panel (a) in Figure 2) and a repulsor if & >« (panels (b) and (c) in Figure 2).

Appendix 4 - Local stability of the monomorphic long-run equilibrium with all firms

playing the profit-sharing labor-extraction compensation strategy

The Jacobian matrix evaluated around the equilibrium ( f (0),1) = © is given by:

0| -5(f()-v)f'(0)
(A-4.1) J(1(0).1) = 0‘1—F(ﬂ:(f(0)))+l:(ﬂn) |

where 7z;(f(0))=(1-6)[(1-v/ f(0)] and 7, =1-v.
Let & be an eigenvalue of the Jacobian matrix (A-4.1). We can set the characteristic equation

of the linearization around this equilibrium:

_5 -a
O"@‘Zf@f—b):&

with a=5[f(0)-v]'(0)>0 and b=1-F (x(f(0))+F(z,).

(A-4.2) NI

In this case, the eigenvalues of the Jacobian matrix (A.4-1) are easily computed from (A-4.2):

(A-4.3) £=0 and & =b=1-F(z(f(0)))+F(z,).
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Therefore, the local stability of (f(0),1)c ® depends on ¢&,. Given (A-4.3), it follows that
~1< &, <1 obtains if, and only if, 0< F(x¢(f(0)))-F(z,)<2.

Since 0<F(z(f(0)))<1 and 0<F(r,)<1, it follows that —1<F(z£(f(0)))-F(x,)<1.
Consequently, we can readily infer that F (z(f(0)))-F(r,)<2.

As F() is continuously differentiable and strictly increasing, it can be concluded that
F(z(a))—F(x,) is increasing in « . Given (21), we obtain that z°(a)—z, =0 and then that
F(z°(a))-F(x,) =0. Therefore, if f(0)<a (panels (a) and (b) in Figure 2), we obtain that
75 (f(0))-x, <0, and consequently, that F(ﬂsc(f(O)))—F(ﬁn) <0, which means that |&,[>1 if
f(0)<a". Meanwhile, if f(0)>a (panel (c) in Figure 2), we obtain that z°( f(0))-z, >0,
and hence that F(;rg(f(O)))—F(zrn)>0. As a result, it follows that |£,[<1 if f(0)>a . This

completes the demonstration that the long-run equilibrium with all firms playing the profit-

sharing labor-extraction strategy, ( f(0),1)=®, is a repulsor if f(0)<a" (panels (a) and (b)
in Figure 2) and an attractor if f(0)>¢a  (panel (c) in Figure 2).

Appendix 5 - Local stability of the long-run equilibrium with heterogeneity in labor-
extraction compensation strategies across firms

The Jacobian matrix evaluated around the equilibrium (o', A7) < © is given by:

s(1-2)1'(8(1-2")(a" -v)) ‘ -5(a" V) f'(6@-A")a -V))

R PR R

- 1
(@)

where 7¢(a") = (1-0)[ (1-v) /.
Let & be an eigenvalue of the Jacobian matrix (A-5.1). We can set the characteristic equation

of the linearization around the equilibrium:
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a-¢| —b
. =& —(a+1)&+(a+bc)=0,

(A-5.2) J-¢l]= 1_5‘

where  a=5(1-2)f'(5(1-2)a -v))>0,  b=d&(a"-V)f'(6-2")a -v))>0,  and

v

0= 4 (-2 )F (250 )A-0) s
(@)

We can use the Samuelson stability conditions for a second order characteristic equation to
determine under what conditions the two eigenvalues are inside the unit circle. Based on
Farebrother (1973, p. 396, inequalities 2.4 and 2.5), we can establish the following set of

simplified Samuelson conditions for the quadratic polynomial in (A-5.2):
(A-5.3) l+a+hc>|~(a+1)|=a+1l and a+bc<l.

Let us prove that these conditions are satisfied if a<1.
First, note that 1+a+bc>a+1 simplifies to bc>0, which is trivially satisfied given that
b>0and c>0.

Meanwhile, the second inequality, a+bc <1, can be expressed as follows:

(A-5.4) a+bc=5(1-1")f'() {1+ (@ —V)AF'(7(a"))(1-06) ﬁ} <1
a

Appendix 6 - Positive invariance of the state space

We want to show that (¢, 4,) € © forall t e{l,2...} and initial condition (¢, 4,) €®.

Let us first demonstrate that «

t+1

>v forall te{0,1,2..} and (&,,4,) € ®. Given (15) and
the assumptions that f(0) >1>v and f(.) is strictly increasing, we can then establish that
o, = f(6A-2)(er,—V))= f(0)>v for any o, >v and 0<4 <1. By induction, we can
conclude that ¢,,, >v forall te{0,1,2...} and (¢, 4,) €®.

Next, let us prove that 0< 4,,, <1 forall te{0,1,2..} and (., 4,) €® . Let us first show that

4,20 forall (o, 4)€®. As 4,20 forany («,,4)<® and given (19), in order to show

that 4, >0 forall («,,4,)<®, we need to show that for all (¢,,4,) €® we have:
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(A6l  (L-A)F(r)-F(z, )21,

As F(-) is continuously differentiable and strictly increasing and 0< F(z;,)<F(1-0)<1
for any (¢, 4,) € ®, we can set up the following lower and upper bounds for the probability
differential for any ¢, >v:

(A-6.2) ~-F(r,,) <F(x,)-F(z, )<F{1-0)-F(r,,).

From (A-6.2) and the fact that 0 < F(z,,) <1, we can write:

(A63)  @-A)F(z)-F(z,)]= -1~ A)F(z,)>-1

for any (e, 4,) € ©®. Therefore, by induction, 4, >0 forall t€{0,1,2..} and (¢, 4,) €®.
Finally, let us demonstrate that A4,,, <1 for all (¢, 4,)<®. Given (19), in order to establish
that 4, <1 for all (¢, 4) € ®, we need to demonstrate that:

(A-6.4) A {1+ (1= A)IF (72) - F(m,)I} <1.

This inequality is trivially satisfied for 4, =0. For any A4, >0, we can re-write (A-6.4) as:
¢ 1
(A-6.5) F(z,)-F(r,) SZ.

Since 0<F(z;,) <1 and 0<F(z,)<1, we can again make use of (A-6.2) to conclude that

forany 4 >0, we have:
(A-6.6) F(z)-F(r,) < F(1—5)—F(7zn)<1$%.

This completes the proof that the state space © is positively invariant, so that (¢, 4,) € ® for

all te{l,2...} and initial condition (¢, 4,) €®.
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