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I. Introduction

There is considerable empirical evidence both that labor productivity is endogenous to the
received wage compensation and that the persistence of inter- and intra-industry wage inequality
is a typical feature of labor markets. In fact, to varying degrees of plausibility, there are also
alternative theoretical explanations for these two pieces of evidence, although very often dealing
with them as unrelated. Meanwhile, there is theoretical and empirical support (to varying degrees
of plausibility and robustness, respectively) for the related view that the way in (and extent to) which
the wage compensation is an effective productivity-enhancing mechanism also depends on the
average unemployment rate as a further determinant of the perceived cost of job loss. Another
piece of empirical evidence closely connected to those just recalled (which is nonetheless often not
seen as such) is that there is considerable heterogeneity in wage determination across firms and

segments of the labor market.

Following early contributions by Dickens and Katz (1987), Krueger and Summers (1988) and
Katz and Summers (1989), among others, there has always been renewed interest especially among
labor economists in investigating wage inequality. As a result, there has accumulated considerable
empirical evidence that inter- and intra-industry wage inequality does exist, is of non-negligible size
and is persistent over longer periods of time. Importantly, these features of wage inequality are
found after controlling for observable characteristics such as schooling or human capital, gender,
years of experience, and other covariates (see, e.g., Groshen, 1991; Katz and Autor, 1999; Caju et
al., 2010; Lemieux, 2008; Abowd et al., 2018; Card et al., 2018; Skott and Aboobaker, 2025).
Meanwhile, there is evidence from both laboratory experiments (see, e.g., Fehr et. al., 1998; Fehr
and Falk, 1999; Charness, 2004; Falk and Ichino, 2006; Charness and Kuhn, 2007; Fehr and Gé&chter,
2008) and field experiments (see, e.g., Gneezy and List, 2006; Bellemare and Shearer, 2009; Kube,
Maréchal, and Puppe, 2013) that higher wages elicit more effort on the job from workers. Also,
there is econometric evidence that wage compensation impacts on labor effort on the job (see, e.g.,

Campbell and Kamlani, 1997; Cappelli and Chauvin, 1991; Goldsmith, Veum and Darity, Jr., 2000).

Against this considerable empirical backdrop, this paper sets forth a dynamic micro-macro
model featuring the possibility of heterogeneous behavior by firms as regards wage formation. The
model allows for the possibility that at a given moment in time a strictly positive proportion of the
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imperfectly-competitive firms that populate the economy decides not to adopt the wage-taking or
base-wage strategy and decides to adopt the wage-setting or efficiency-wage strategy. While the
wage-taking strategy is less costly wage-wise than the wage-setting strategy, given that the base
wage is always strictly lower than the efficiency wage, the wage-setting strategy is more effective
productivity-wise than the wage-taking strategy, considering that the productivity of labor in wage-
setting firms is always strictly higher than in wage-taking firms. The frequency distribution of wage-
formation strategies in the population of firms emerges as an evolutionary equilibrium outcome,
the specific value of which depends in turn on the employment rate. In fact, in view of the
evolutionary determination of the frequency distribution of wage-formation strategies in the
population of firms, a key issue to explore regards whether both wage-formation strategies survive
in the evolutionary equilibrium. In other words, does heterogeneity in wage-formation strategies
(and hence wage inequality) in the population of firms emerge as a stable evolutionary equilibrium

configuration?

The specific macroeconomic setting in which we embed the evolutionary determination of
the frequency distribution of wage-formation strategies in the population of firms is a Harrodian
one based on Skott (1989a, 1989b). One salient feature of this macroeconomic setting is that
conditions in the labor market crucially matter for the functional distribution of income and output
growth, which makes it a suitable macroeconomic setting to extend to feature the possibility of
heterogeneity in wage-formation strategies across firms. One relevant implication of this extension
(on both theoretical and empirical grounds) is that the possibility of heterogeneous behavior by
firms in the labor market also crucially matters for the dynamics of the employment rate. As a result,
heterogeneity in wage-formation strategies across firms may emerge as a key element of behavioral

diversity at the microeconomic level that co-evolves with the employment rate.

In the model set forth herein, at a given moment in time, the capital capital utilization and
the employment rate are predetermined by past output and employment decisions which are based
in turn on past aggregate effective demand and labor market conditions. Given the predetermined
level of output production, the price level adjusts to ensure supply-demand equilibrium in the goods
market and is set homogeneously by firms. Given the aggregate effective demand-determined gross

profit share jointly determined with the price level by the supply-demand equilibrium in the goods



market, as well as the predetermined levels of the employment rate and frequency distribution of
wage-formation strategies (and hence the resulting labor productivity differential) across firms, the
efficiency wage and the base wage (and hence the respective gross and net markup factors and
profit shares) are determined to generate microeconomic equilibrium at a given moment in time.
Meanwhile, capital capacity utilization and the employment rate vary endogenously over time as
driven by an independent (from capital constraints) output expansion function in conjunction with
an independent (from saving constraints) investment function (in the case of the capital capacity
utilization), and by such independent output expansion function together with an exogenous growth
rate of labor supply (in natural units?), the frequency distribution of wage-formation strategies in
the population of firms, and the labor productivity differential across wage-formation strategies (in

the case of the employment rate).

At a given moment in time, heterogeneity in wage-formation strategies in the population of
firms emerges as an evolutionarily stable strategy parameterized by the employment rate. Thus,
there is a salient feedback loop between the aggregate effective demand-driven employment rate
and the frequency distribution of wage-formation strategies across firms (and the resulting wage
inequality associated with the specific level of heterogeneity in these strategies) in the course of
their co-evolution. As an evolutionarily stable outcome, the labor market becomes segmented in a
strategic, rather than structural, sense. Specifically, the dualism that permanently characterize the
labor market is not due to any observable structural difference across workers, firms or production
sectors, but to heterogeneity in the adoption of wage-formation strategy across firms. Therefore,
the labor market is permanently characterized by what we dub strategic segmentation or strategic

dualism.

One of the main contributions of this paper is the suggestion of a novel behaviorally plausible
explanation for persistent wage inequality across otherwise observationally equivalent workers as
arising from persistent heterogeneity in wage-formation strategies in the population of firms that
emerges as an evolutionarily stable strategy. Plausibly, our evolutionary protocol of adoption of

wage-formation strategy does not impose stringent requisites in terms of rationality and access to

1In contrast to Skott (1989a, 1989b), we abstract from Harrod-neutral technical progress; however, this
simplification does not undermine the generality of the analysis.
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and processing of information and knowledge on the part of firm-owner capitalists who periodically
choose between different wage-formation strategies in an attempt to realize their desired levels of
real profitability. The firm-owner capitalists who populate the economy have bounded rationality
and (except when computing the efficiency wage in a cost-minimizing way) behave according to
relatively simple rules of thumb. They choose the wage-formation strategy to be adopted having
limited and localized information and knowledge concerning the system as a whole. As a result,
adopting the wage-setting strategy involves an information cost in addition to the cost associated
with the efficiency wage being strictly higher than the base wage. The reason is that computing the
efficiency wage as the wage that minimizes the cost of labor per unit of effort requires knowing the
frequency distribution of wage-formation strategies across firms, which is a component of the

alternative wage involved in that computation.

It turns out that the (in principle) potential heterogeneity in wage-formation strategies in
the population of firms imposes an information cost on the subpopulation of efficiency-wage firms.
Firms that adopt the efficiency-wage strategy face an information cost to figure out what is the best
reply in a game contaminated with firms that instead adopt the alternative, base-wage strategy (as,
incidentally, any of the efficiency-wage firms could have adopted). Considering that an inevitable
asymmetric information problem inside the firm is recognized to exist (in that firms are unable to
perfectly monitor the performance of workers on the job, which justifies the possible recourse to
the efficiency-wage strategy by an individual firm), it is logically plausible and necessary to extend
an analogous asymmetric information assumption to the inter-firm strategic behavior: an individual
firm is unable to perfectly monitor the revisable adoption of wage-formation strategy of the other
firms. However, this asymmetric information problem across potentially heterogeneous firms with
respect to wage formation is assumed away in efficiency-wage models grounded in informational

asymmetries (e.g., Shapiro and Stiglitz, 1984).

The information cost incurred by firms adopting the efficiency-wage strategy is modeled as
an exogenously given constant. By contrast, firms adopting the base-wage strategy do not incur any
analogous information cost, in that they refrain from adopting the efficiency-wage strategy and
instead participate in the labor market (which is relatively flexible in a way that will be described

later on) by demanding labor as wage takers and employment makers. In the latter condition base-
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wage firms participate in the labor market at a given moment in time as jointly implied by their
predetermined level of output production and their exogenously given effort-adjusted labor input
requirement. Efficiency-wage firms, in turn, participate in the same relatively flexible labor market
at a given moment in time by demanding labor as both wage makers and employment makers, in
the latter condition so participating as implied by their predetermined level of output production in

conjunction with their endogenously determined effort-adjusted labor input requirement.

At a given moment in time, the employment rate is predetermined by past production and
capital accumulation decisions of the population of firms based on past aggregate effective demand,
profitability and labor market conditions. Accordingly, given the contemporaneously determined
frequency distribution of wage-formation strategies across firms, it follows that the composition of
the predetermined level of employment—as a weighted average of the employment levels of the
two subpopulations of firms—is likewise determined at that moment in time. Given the exogenously
determined level of the aggregate supply of labor, the demand for labor placed by base-wage firms
is predetermined by past production and capital accumulation decisions (the output to labor ratio
in efficiency units of base-wage firms remains constant over time). This demand for labor is satisfied
(at the base wage determined at that given moment in time) when the output decisions of the base-
wage firms are implemented, with both the level and the rate of employment in the base-wage
segment of the labor market also being determined at that given moment in time. Meanwhile, given
the exogenously determined level of the aggregate supply of labor, the demand for labor placed by
efficiency-wage firms at a given moment in time is predetermined by past production and capital
accumulation decisions and determined by their current output to labor ratio in efficiency units. This
demand for labor is satisfied (at the efficiency wage determined at that moment in time) when the
output decisions of the efficiency-wage firms are implemented, with both the level and rate of
employment in the efficiency-wage segment of the labor market also being determined at that given
moment in time. Hence, at a given moment in time (to which we refer as short run in the following
sections), while the price level adjusts to generate equilibrium in the goods market, the nominal
wages paid by base-wage and efficiency-wage firms adjust to bring about equilibrium in the labor
market. As noted earlier, the price level that equilibrates the goods market is set homogeneously

by all firms, so that a differential between the real wage set by efficiency-wage firms and the real



wage taken as given by base-wage firms arises from a differential of the same sign and magnitude

in the nominal wages that bring about equilibrium in the respective segments of the labor market.

The way average labor productivity is made endogenous to wage compensation in this paper
is related to the suggestive contested-exchange approach elaborated, for example, in Bowles (1985)
and Bowles and Gintis (1990). In fact, the model set forth herein could be alternatively specified by
featuring the process of extraction of labor from labor power as a representation of the wage-setting
behavior by what we dub efficiency-wage firms. The contested-exchange approach shows that there
needs to be a labor extraction function specifying how much effective labor firms are able to obtain
from a given labor input, given that the labor contract is not costlessly enforced. Insofar as the labor
contract alone cannot ensure the employer that work will be performed by hired workers as desired
and expected by her, the labor exchange is, as Bowles and Gintis (1990) fittingly dub it, “contested”.
In effect, our contribution in this paper is also related to the gift-exchange approach articulated in
Akerlof (1982), which portrays the offer of employment at a given wage rate by a firm as an offer to

‘exchange gifts’, with the worker’s effort level therefore indicating the size of the reciprocal gift.

In addition to this Introduction, the remainder of the paper is organized as follows. Section
Il formalizes the microeconomic setting underlying the model and derives the evolutionarily stable
wage-formation strategy adopted by firms. Section Il develops the corresponding macroeconomic
closure and examines the implications of the considered two-way micro—macro interactions for the
endogenous and self-sustaining cyclical fluctuations exhibited over time by key macroeconomic,
microdiversity, and income inequality variables. Finally, Section IV summarizes the main findings

and presents concluding remarks.

Il. Persistence of behavioral heterogeneity in wage-formation

Il-a. Microeconomic setting: wage and price formation

The economy is populated by a continuum of imperfectly competitive firms. At a given

moment in time a fraction (1-x) €[0,1]c R of the population of firms establishes the real wage
w, that minimizes the cost of an effective unit of labor, which nonetheless necessitates paying a

cost to update the information set required to compute this wage, and we refer to these firms as



wage-setter or efficiency-wage firms. The remaining fraction, x, takes as given the real wage w,

determined in the non-efficiency segment of the labor market, as they choose not to incur the cost
to update the information set required to adopt the efficiency-wage strategy, and we refer to these
other firms as wage-taker or base-wage firms. Meanwhile, the level of aggregate demand for labor
at a given moment in time is predetermined by past output and capital accumulation decisions of
both types of firms, and the wage-taking firms hire (at the flexible base wage) all the workers for
whom there are jobs available (as created by aggregate effective demand) but are not hired by
efficiency-wage firms. Yet, as described later, negative effects combine to make it less attractive
(due to it being more expensive) to expand production with higher employment rates.? Thus, the
efficiency-wage strategy is an alternative wage-formation strategy that possibly allows to minimize

the higher adjustment costs associated with higher employment rates.

The subpopulation of efficiency-wage firms produces a homogeneous good according to the

following production function:

(2) Y =min{e,L

e"e’ O-eKe} ’
where Y, ¢,, L,, o,,and K, denote, respectively, the levels of output production, labor effort (or
output to labor ratio in efficiency units), employment, output to capital ratio and capital stock of an

individual efficiency-wage firm.

The same homogeneous good is produced by the subpopulation of base-wage firms by

means of the following production function:
(2) Y, =min{¢,L,, 0,K,},

where Y, , ¢,, L,, o,,and K, denote, respectively, the levels of output production, labor effort (or

output to labor ratio in efficiency units), employment, output to capital ratio and capital stock of an

individual base-wage firm.

2 As in Skott (1989a, 1989b), the employment rate affects the expansion of output by means of its effects on
the social relations of production and the availability of labor with the desired or required qualifications. For
example, a high employment rate strengthens workers vis-a-vis management and is likely to lead to an
increase in the turnover of the labor force.



Given that the output to labor ratio in efficiency units in the subpopulation of base-wage

firms is normalized to an exogenously given constant &, > 0, we assume that ¢, > ¢, , so that the
ratio represented by ¢ =&,/ &, >1 is a measure of the labor effort differential across the respective

wage-formation strategies. The capital stock remains uniformly distributed across firms over time,
given that firms start with the same capital stock and accumulate capital at the same rate (as
described later), with the capital stock of each firm then being predetermined at a given moment in
time. Firms sell the produced homogeneous good at the same price (as explained later), and at a
given moment in time the levels of aggregate effective demand and predetermined level of output
production are uniformly distributed across firms. As a result, the current output to capital ratio is
uniform across firms, that is, o, = 0, = o, although at a given moment in time the level of effective
demand is not necessarily equal to the predetermined output production at either the overall or

firm subpopulation or individual firm levels (as explained later).

As regards pricing behavior, the population of imperfectly-competitive firms face a uniform
and binding limit-price constraint, P, arising from the purpose of forestalling entry by potential
competitors. This limit price level is not exogenously given, it being endogenously determined at a
given moment in time by the demand-supply goods market equilibrium condition, as described

later. Therefore, the following condition holds:

(3) P:Zbﬁzzﬂ

e 7

& &

where z, >1 and z, >1 are the gross markup factor (one plus the gross markup) applied on unit
labor costs in efficiency units by base-wage and efficiency-wage firms, respectively, so that ¥, and
W, are the respective flexible nominal wages. Note, however, that as firms charge the same price,
it follows that W, /W, is a measure of real wage differential as well. In effect, (3) can be written in

real terms as follows:

(3-a) l=z, ==z, —%



where w, =W, / P is the real base wage (hereafter termed simply as base wage) and w, =W,/ P

is the real efficiency wage (hereafter simply efficiency wage, for short). Therefore, the fact that

z, >1 implies that w, <¢,, whereas the fact that z, >1 implies that w, < ¢, . It then follows that z,
will be greater than, lower than, or equal to z, if, and only if, w, / &, is greater than, lower than, or

equal to w, / &,, respectively.

Having played the wage-setting strategy at a given moment in time, an individual firm has to
resolve how it will use the corresponding labor productivity differential. The specification in (3)

means that, given the flexible nominal wages W, and W, efficiency-wage firms employ their labor

productivity differential over base-wage firms to apply a higher gross markup factor than base-wage
firms, while charging the same price. This is one way of saying that this labor productivity differential
is expected to translate into a net profitability differential in real terms at least equal to zero.? In
fact, the strategic attempt by wage-setter firms is that the resulting net markup factor is at least
equal to the gross markup factor applied by wage-taker firms (as described later, the adoption of
the wage-setting, efficiency-wage strategy involves an information cost). We could have specified
that not all efficiency-wage firms make the same strategic decision with respect to how to use their
labor productivity differential, but to sharpen focus on heterogeneous behavior across, rather than
within, wage-formation strategies, we specify that all efficiency-wage firms behave strategically
alike in that respect. As the values of the efficiency wage and the base wage vary endogenously over
time with the predetermined level of the employment rate and the contemporaneously determined
frequency distribution of wage-formation strategies across firms (as described later), it follows that

the gross and net profit shares across firms are also endogenously time-varying.

3 Another possibility would be for the subpopulation of efficiency-wage firms to utilize their labor productivity
differential to charge a lower price than base wage firms while attempting to apply the same gross markup
factor on the unit labor cost in efficiency units. Yet another possibility would be for the efficiency-wage firms
to use their labor productivity differential to both raise their gross markup factor and improve their price
competitiveness. We abstract from these other possibilities by specifying that firms face a kinked demand
curve (Hall and Hitch, 1939; Sweezy, 1939), the market price for which is stable. This price is sustained over
time by each firm’s (justifiable) fear that, if it undercuts, the other firms will do the same. An individual firm
has no incentive to charge more than this price as it (justifiably) fears that the other firms will not do the
same.



Based on (1)-(3a) we can establish that:

(4) ﬂbZMZI—WbLI’:]_ﬂzl_l’
PY, Y, &, Z
and
PY -WL w L w 1
(5) r,=—t—=l-—=l-—=]l-—,
PY Y & z

where 7, and 7, denote the gross profit shares accruing to wage-taker and wage-setter firms,
respectively. It then follows that 7z, will be greater than, lower than, or equal to 7, if, and only if,
z,=w, /g, is greater than, lower than, or equal to z, =w, / &, , respectively.

In this model setting with (potential) heterogeneity in wage-formation strategies across
firms, the effective effort function that a wage-setter firm faces to determine the efficiency wage it
will pay to all workers it wants to hire at a given moment in time (given its predetermined level of

output production, which in turn is given by decisions made in the past but implemented at that

moment in time) is represented by:

w—vw
(é‘-i——“) , i w>ww |
(6) ew)=1¢&"=¢,, if vw, <w<ww,,

0, if O<w<ww,,

where W is the received real wage, Vv is the employment rate, which is predetermined by past

output and employment decisions of the population of firms, w, is the alternative real wage
(hereafter simply alternative wage), the parameter 77 € (0,1) C R measures the effort-enhancing
effect of paying a wage above the expected alternative wage, whereas the parameter & € (0,1) c R

represents a component of the exogenously given normal level of effort £”7 exerted on the job by

workers employed by base-wage firms.
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The available labor force consists of observationally homogeneous workers. Accordingly, the
effectiveness of the efficiency-wage compensation strategy does not depend on any observable
characteristic of individual workers; rather, any worker is assumed capable of supplying on the job
the level of effective effort specified in (6) when compensated at the efficiency wage. Although
workers may have heterogeneous reservation wages, for any strictly positive (predetermined)
employment rate the respective distribution of reservation wages is such that both efficiency-wage
and base-wage firms will always be able to hire as many workers as they need (at the respective
offered wage) to currently implement the production decisions previously made. Note that the base
wage is a binding constraint for firms which have decided to adopt the base-wage strategy at a given

moment in time, in that the strictly positive normal effort &, = &7 (rather than no effort at all) is

delivered by workers only when the received wage is at least equal to the expected base wage.
However, any effort over and above the normal level is only exerted by employed workers when the

received wage is strictly higher than the expected alternative wage vw, (which will be specified

later).

In a limited sense, therefore, the wage-taker, base-wage strategy may be loosely interpreted
as a particular variant of an efficiency-wage strategy, insofar as any wage set below the expected
base wage yields zero worker effort.* But there is an important difference between the two wage-
formation strategies in this regard that should be pointed out. For wage-setting, efficiency-wage
firms the effort forthcoming from workers is increasing in the positive (proportionate) gap between
the paid wage and the expected alternative wage (where the respective expectation is proxied by
the employment rate), with the result that efficiency-wage firms choose the wage that minimizes
the cost of labor per unit of effort, which is endogenously time-varying. Meanwhile, for wage-taking,
base-wage firms the respective effort is the constant normal level ¢, = &7 (which is strictly lower
than the effort level associated with the efficiency-wage strategy) for any wage rate in the closed

interval spanning from the expected base wage to the expected alternative wage (where the

respective expectations are proxied by the employment rate). Yet, given the predetermined level of

4 We are grateful to Gilbert Skillman from Wesleyan University (USA) for the suggestion to interpret the base-
wage strategy in this alternative manner.
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the employment rate, the wage rate determined by the relatively flexible labor market that base-
wage firms choose to take as given to remunerate their hired workers is nonetheless the lowest
wage in that closed interval. Consequently, the base wage determined by the relatively flexible labor
market is actually the wage rate that minimizes the cost of labor per unit of effort for firms that have
decided to adopt the base-wage strategy at a given moment in time. Although the worker effort

associated with the compensation with the base wage is constant, the wage w, that yields this

lower worker effort is endogenous. Therefore, both efficiency-wage and base-wage firms actually
compensate their hired workers with the wage that minimizes their respective cost of labor per unit
of effort. The main difference is that wage-setting firms choose to compute themselves their cost-
minimizing wage, whereas base-wage firms choose to rely on the relatively flexible non-efficiency-
wage segment of the labor market to carry out the computation of their cost-minimizing wage. As
described later, the frequency distribution of wage-formation strategies in the population of firms
emerges as an evolutionarily stable strategy on the basis of the net profitability differential across

wage-formation strategies.

Abstracting from unemployment benefits and other sources of income for the unemployed

worker, the alternative wage—as a measure workers’ fallback position or outside option—is given
by:

(7) w, =xw, +(1=x)w,,

In the standard shirking version of the efficiency-wage approach developed in Shapiro and
Stiglitz (1984), the representative firm is simply assumed to be willing to pay the prevailing wage, so

that w, = w_. In the model set forth in this paper, however, an efficiency-wage firm, having paid

the attendant information cost, acquires knowledge about the proportion x €[0,1]c R of firms
which choose to pay the base wage and, therefore, can infer the value of this base wage. It then
follows that an individual efficiency-wage firm can deduce the alternative wage it takes as given
when computing the efficiency wage. Therefore, we extend the standard shirking version of the
efficiency-wage approach by allowing for the logical possibility that not all firms are willing to adopt
the efficiency-wage strategy at a given moment in time. This very possibility imposes an information

cost on firms that make the (revisable) decision to adopt the efficiency-wage strategy at a given
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moment in time, as they face a positive cost to gain access to sufficient information to compute the
efficiency wage. Recall that the canonical, representative-firm shirking version of the efficiency-
wage approach is premised on the joint (but logically independent) assumptions that individual
workers have some discretion about their performance on the job and firms are nonetheless unable
to monitor perfectly this performance. Thus, given that this intra-firm imperfect (or asymmetric)
information is acknowledged to exist, it is plausible (and in fact possibly logically necessary) to
extend the same imperfect (or asymmetric) information assumption to the inter-firm strategic
behavior in a broader context featuring the possibility that firms behave heterogeneously with
respect to wage formation (and this possibility is common knowledge among firms), which is not
the case in the representative-firm shirking version of the efficiency-wage model. As a result, our
alternative, heterogeneity-augmented version of the efficiency-wage model is premised on the
interconnected (but logically independent) assumptions that an individual firm has full discretion
regarding its (revisable) choice of wage-formation strategy, and it is unable to monitor perfectly the

same choice process of the other firms.

Nonetheless, as in the standard shirking version of the efficiency-wage model, we assume
that an individual wage-setter firm is small relatively to the economy, and therefore takes w, as
given in (7). Thus, given the effective effort function in (6), we can then use the Solow condition
(according to which the efficiency wage is the wage for which the elasticity of effort with respect to

the wage is unity) to compute the efficiency wage as the wage that minimizes the cost of an effective

unit of labor, w/&(w), considering the attendant information cost:

VX x
(8) W, =

=W, = —W,
w-(v-v) " x-x )

1-
where xc(v)zl—¥ and 221_;7 is the proportion of the available labor force that would be
v

employed if all firms were to adopt the efficiency-wage strategy. Therefore, 1-v is the proportion

of the available labor force that would not be employed by efficiency-wage firms in a representative-

firm shirking version of the efficiency-wage model, in which it is simply assumed that all firms follow
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the efficiency-wage strategy (x = 0) and firms do not face effective demand problems. Of course,

it follows that v € (0,1)c R if 0<&<n <1, a condition we assume to be satisfied.

Consequently, the efficiency-wage in (8) can be interpreted as the best-reply function of a
wage-setter firm in a game in which a proportion x of wage-taker firms ‘contaminates’ the game
(in the sense employed by Droste, Hommes and Tuinstra, 2002, p. 244) by not performing the
(costly) information updating required to adopt the efficiency-wage strategy. In fact, an individual
efficiency-wage firm not only best-replies to the base-wage firms, but also takes into account that
the other efficiency-wage firms do the same. Hence, among themselves the efficiency-wage firms

coordinate on a Nash equilibrium.

Note that for the expression in (8) to yield a strictly positive w, for any x €[0,]]c R, the

following condition has to be satisfied:®
(9) v(l-x)<v.

The intuitive substance of this condition is that the expected prospect of a worker getting a job in
an efficiency-wage firm when there is the possibility that not all firms follow the efficiency-wage
strategy is strictly lower than the expected prospect of getting a job in an efficiency-wage firm when

all firms have chosen to adopt the efficiency-wage strategy (so that x =0).

Assuming that the condition in (9) holds, note that for the expression in (8) to yield a w,

strictly greater than w, forany w, >0, the following condition has to be satisfied:
(10) v>v.

The intuitive substance of this condition is that the expected prospect of a worker getting a job in
any hiring firm when there is the possibility of existence of both efficiency-wage and base-wage
firms operating in the labor market is strictly higher than the expected prospect of getting a job in

any firm when all firms have chosen to adopt the efficiency-wage strategy (so that x =0).

5n effect, the minimization of W/ &(W) was solved under the required assumption that w > vw,_, which
can be checked to be also satisfied if the condition in (9) holds.
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Interestingly, it follows from the conditions in (9)-(10) that the coexistence of efficiency-
wage and base-wage firms in the relatively flexible labor market specified in this model requires the

existence of a minimum proportion of base-wage firms. Formally:

(9-a) x>x()=1-L>0.

\%
We consider that conditions in (9-a) and (10) are satisfied, which implies that x = O (all firms adopt
the efficiency-wage strategy) cannot be an equilibrium. From (8), and given the critical mass x,_,
which intuitively varies positively with the employment rate (given the frequency distribution of
wage-formation strategies across firms, the higher the employment rate, the higher the alternative

wage taken as given by a wage-setter firm when computing the efficiency wage), it then follows that

the efficiency wage is strictly greater than the base wage for all x e (x_,1]c R.

Finally, as elaborated later, it follows that ¥, =Y, at a given moment in time, so that, given

(4) and (5), the gross profit share in the economy can be defined as:

x 1
Y, —w,L, )di Y -wlL, )di — - -
(11) 71-5‘[0( b~ W, b) l+L( e =W, e) l:x(Yh wab)+(1 x)(Ye WeLg):x7r,}+(l—x)7zg-

[Ydi+ [ i x¥, +(1-x)Y,

As derived later, for a given frequency distribution of wage-formation strategies across firms,
(x,1-x), and predetermined values of the employment rate, v, and for a given gross profit share,

7t , which is determined by the equilibrium condition in the product market at a given moment in
time (as detailed shortly), the system formed by (3-a)-(5), (7)-(8) and (11) then solves for the

microeconomic state vector (z,,w,,7,,z,,w,,7,) that is consistent with equilibrium at a given
moment in time (to which we will refer as short run later on).
Let us express this microeconomic state as a function of the frequency distribution of wage-

formation strategies across firms. First of all, from (3-a) and (8) we find that the relation between

the gross markup factors is given by:

z, _élx—x.()]
(12) = forall xe(x,,l]cR.
zZ, X
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Inserting (4) and (5) into (11) we get a further relation between gross markup factors that

has to be satisfied, given by:

(13) x[zb_1j+(l—x)(ze_lj=7r.
Zy Z,

Solving the sub-system (12)-(13) we then obtain the following gross markup factors,

parameterized by X, as well as by the predetermined macroeconomic variables 77 and v:

_ I-x+¢&[x—x.(v)] _

(14) z, z,(x,7,v),
1-7x
and
X
(15) z,=——z (x,71,v)=z,(x, 7,V).
elx—x.(v)]

The wage associated with each wage-formation strategy can then be obtained by using (14)-

(15) and (3-a):

(16) w, = % = £(1-7) =w,(x,7,v),
z,(x,r,v) 1-x+eglx—x,(v)]

and

(17) w, = % _(x—xc(v)j iz —(x_xc(v)jwe(x,ﬂ,v)zWb(x,ﬂ,v).

- z,(x,7,v) - X z,(x,7,v) - X

In order to obtain the gross profit share associated with each wage-formation strategy, we

then substitute (16) into (5) to get:

_we(x,ﬁ,v)_1 -7

(18) m, =1

e

— =7,(x,7,Vv),
£ l-x+elx—x,(v)]

e

and, considering (8) and (16), we then substitute (17) into (4) to arrive at:

(19) my=1-

=7, (x,7,v).

w, (x,7,v) :1_([x—xc(v)]j w,(x,7,v) :1_(5[x—xc(v)]j (I1-7)

& X & X I-x+efx—x,(v)]
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For ease of reference later on, the gross profit share associated with the efficiency-wage strategy

-7
when all firms choose to adopt the base-wage strategy (x=1) is 7,(l,7,v)=1-———.

ell-x,(v)]
Meanwhile, the gross profit share when all firms choose to adopt the base-wage strategy (x=1) is

represented by 7, (1,7,v)=7.

Therefore, the microeconomic state vector in (14)-(19) is parameterized by the frequency
distribution of wage-formation strategies in the population of firms (x,1-x), in addition to the
predetermined macroeconomic variables represented by the gross profit share, 7, and the
employment rate v. Intuitively, conditional on the predetermined vector (X,7,V), wage-setting
firms determine the efficiency wage according to (8). Through the price-setting relation in (3-a), this
choice implies a fixed proportional relationship between the gross markup factors, as characterized
by the condition in (12). While this proportionality constraint must hold, the absolute levels of the
gross markup factors adjust endogenously until the gross profit shares of wage-taking and wage-
setting firms, given by (4)—(5), are jointly consistent with the gross profit share, 77, as imposed by
the condition specified in (11).

lI-b. Persistent heterogeneity in wage-formation as an evolutionarily stable strategy in a large-
population playing the field game

Let us demonstrate that the persistence of heterogeneity in wage-formation behavior in the
economy modeled in this paper can emerge as an evolutionarily stable strategy (ESS). To do so, we
need to specify the expected payoffs of the efficiency-wage strategy and the base-wage strategy.
We take the net profit share associated with each wage-formation strategy as respective expected
payoff. As the wage-taking strategy does not involve any information cost, its net profit share is
equal to its gross profit share in (21). The efficiency-wage strategy involves an information cost that
must be deducted from the gross profit share in (20), which can be done as follows:

we(x,ir,v)zl_ I+c - (I+c)1-7m)

z,(x,7,V) - l-x+é&[x—x,(v)]

(20) 72': =1-(1+c¢) E}Z’:(x’ﬂ',v)'

e

Considering the profit shares in (19)-(20), it is straightforward to verify that the expected

payoffs of the two wage-formation strategies depend on the proportion of base-wage firms, x . In
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this case, although the payoff of each firm is linear in the own mixed strategy, it also depends in a
nonlinear manner on the strategy frequencies in the population, which is given by (x,1-x). As

pointed out by Crowford (1992, p.301), this setting is known as the ‘playing the field” model, which
allows describing the simultaneous interaction of firms in a given population in more general ways
than the well-known ‘pairwise random matching’ model. We consider a large-population setting, so
that each firm’s expected payoff can be well approximated by using, in addition to her own mixed
strategy, the expected payoffs in (19) and (20), in which the strategy frequencies in the population

are computed without excluding the firm’s strategy choice, since excluding it would have a negligible
effect on the strategy frequencies (X,1—X). Therefore, we formalize the selection mechanism
operating in the worker compensation choice between the base-wage strategy and the efficiency-
wage strategy across the entire population of firms as a large-population playing the field model
(Crawford, 1992, p.303).

Let p be the probability that a firm chooses to adopt the base-wage strategy at a given
moment in time, so that the probability vector p=(p,1—p) denotes its mixed strategy. Let
E(p|x) stands for the expected payoff of a firm playing the mixed strategy P when the strategy

frequencies in the population are given by X =(x,1—x). Based on this notation, and using (19) and

(20), this expected payoff can be written as follows:
(21) E(p|x)=pr,(x,7,v)+ (- p)7;(x,7,V).

Drawing on Crawford (1992, p.303), we can define a large-population ESS as a mixed strategy

p =(p’,1-p"), such that for each mixed strategy p # p", the following condition holds:

(22) E(p'|(1—p)p +up)>E(p|(1-)p +1p),

for all sufficiently small fractions 4 €(0,1) € R of firms adopting the mixed strategy p .
&V

As formally shown in Appendix A, if & >1+¢ and > 1, this large-population playing the

1+c¢

field setting has a unique ESS p" =(p’,1-p") with:
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(23) p=t) ¢ (1—¥jzp*(v)e(o,1)cR forall ve (7,1]c R,
e—(I+c) e-(1+0) v
with p*'(v)=#(%j>0 for all ve(v,1]c R and featuring the two wage-formation
e—(+c)\v

strategies (base-wage and efficiency-wage) as survivors.

It is worth noting that in the large-population playing the field setting presented above all
firms follow the same mixed strategy p* =(p ,1— p"), which therefore will not be invadable by any
other distinct strategy. This happens because the mixed strategy p’ is, as demonstrated in Appendix
A, a strict, symmetric Nash equilibrium, that is, the mixed strategy p’ is the only best response to
itself. Consequently, a firm that adopts another mixed strategy with a probability of being wage

taker other than p" in (23) ends up realizing that its strategy p # p~ generates an expected payoff

E(p | p*) that is strictly lower than E(p* |p*) .

It is also worth noting that all firms adopt the same mixed strategy, so that the ESS given by p’

in (23), corresponds to a monomorphic population in strategy space. However, the induced
frequency distribution over pure strategies (base-wage and efficiency-wage) is non-degenerate,

reflecting the probabilistic nature of the common mixed strategy. In other words, each firm becomes

a base-wage firm with probability given by (23), so that the fraction p" € (0,1) c R of the population

of firms is made up of base-wage firms, i.e., x = p*.

Therefore, given that x = p* , We can express the microeconomic state vector in (14)-(19) as a
function parameterized only by the predetermined macroeconomic variables 7z and v, which are
endogenously time-varying (as detailed shortly). Using (23) and (A.3) from Appendix A, it follows
from the system (14)-(19) that:

l+cp’(v)
1

(24)  z(p'(M7v)= and Zb(p*(V),ﬂ,V)=[ﬁjze(p*(V),ﬂ,V),

¥ 1-
@5) (P 0))=- (pfeﬂ o f;(cp*fv))

and w, (p"(W)7,v)= [1;0) w,(p"(v),7,v)

19



l+c _1_(1+c)(1—7z)

(26) %QO&mW:dQO&mW:F%@%&mW_ o)

Consequently, micro-level heterogeneity endogenously adjusts to macroeconomic aggregates, in
the sense that aggregate conditions are imposed on the underlying microeconomic setting. Given a

predetermined employment rate v, the associated critical mass x,(v) =1 —v/v and the equilibrium
proportion of base-wage firms x = p’(v) =(8/(8—(1+c)))xc(v) are then jointly determined. This
equilibrium proportion ensures compatibility between the condition implied by the evolutionarily
stable wage-formation strategy, characterized by 7z,(p (v),7,v)=7z"(p (v),z,v) in (28), and the
efficiency-wage setting rule specified in (14). Indeed, (26) implies that net profit shares across wage-
formation strategies are equalized whenever the ratio between the gross markup factors satisfies

z,(p (), 7,v)

- =1+c. In turn, wage-setter firms determine the efficiency wage according to (8),
Zb(p (V),/Z',V)
which, through the price-setting relation specified in (3-a), establishes a fixed proportionality

z,(p (), 7,v) _elp (V) -x,(v)]
Zb(p*(v)’ 7Z',V) p*(V)

between the gross markup factors given by , per the condition in

(14). Hence, as demonstrated in Appendix A, the equilibrium proportion of wage-taker firms

z,(p (), 7,v) _elp’ (v)—x.(v)]
Zb(p*(\/'),ﬂ',\/) P*(V)

x=p (v) satisfies =1+4c¢ . Observe that, although the ratio

M =1+c is established by the information cost and the adjustment of Xx , the
Zb(p (V),7Z',V)
corresponding levels of gross markup factor adjust endogenously to ensure that the gross profit
shares of wage-taker and wage-setter firms in (4)-(5) become compatible with a given gross profit

share, 7, per condition in (13).

It is worth underlining that, given the system (24)—(26), if there were no information costs
associated with the adoption of the efficiency-wage compensation strategy, wages per unit of effort
would equalize across wage-formation strategies, as would gross mark-ups and gross profit shares.
By contrast, in the presence of information costs, it is net profit shares that are equalized across

wage-formation strategies, as intuitively implied by the game-theoretic equilibrium notion of ESS
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used in this subsection. Consequently, since z,(p"(v),7,v) = (1+¢c)z,(p (v), z,v), although workers

employed by efficiency-wage firms receive higher wages than those employed by base-wage firms,
their share in the output produced by efficiency-wage firms is lower than the corresponding labor

share in the output of base-wage firms.

I1l. Macroeconomic closure

lll.a. The short-run equilibrium

The macroeconomic side of the model follows the Harrodian approach presented in Skott
(1989a, 1989b). Assuming that the population (technically, a continuum) of firm-owner capitalists
have the same saving propensity, s € (0,1) © R, irrespective of the wage-formation strategy their

owned firms happen to adopt, and workers always consume all of their wage income regardless of

the firm for which they happen to work, the saving function is given by:
X 1

(27) S = SJ-Y;ﬁbdl'-l-SJ‘Yeﬂedi =s[xY, 7z, +(1-x)Y,7,],
0 x

where S denotes aggregate saving and s € (0,1) C R the saving rate.® As elaborated shortly, all

firms start with the same capital stock and from then on accumulate capital at the same rate, with
the result that the capital stock remains uniformly distributed across firms over time.” As capital

capacity utilization remains homogeneous across firms over time, o, = o, = o, it then follows that

Y, =0K,=0K,=Y,=Y, where Y is the output level given by ¥ =c K , which also remains

® For simplicity, and to keep focus on the main purpose of exploring the evolutionary determination of wage
inequality, the saving specification in (27) considers that savings depend on the gross profit shares in (4)-(5),
while the net profit share of wage-setter firms is lower than its gross counterpart due to the information cost
involved in the computation of the efficiency wage. One (flow-consistent) way to rationalize this specification
is to assume that information services are supplied by specialized self-employed individuals whose propensity
to save is identical to that of the firm-owner capitalists, denoted by S . Since self-employed individuals are
generally not classified as ‘workers’ or ‘employees’, they are excluded from the computation of the functional
income distribution between wages and profits considered in this paper.

X 1
"Infact, K is a measure of the capital stock, as K = thdi+IKedi =xK+(1-x)K .
0 x
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uniformly distributed across firms throughout. Thus, the saving function in (35) can be rewritten as

follows:
(27-a) S =s[xoK,z,+(1-x)oK xz,|=s[xz,+(1-x)z,|]cK =sxY,
where 7 is the gross profit share in the economy given in (11).

Let us now turn to the derivation of the overall investment level. Workers always consume
all of their wage income no matter the firm for which they work, whereas firm-owner capitalists
have the same saving propensity out of their profit income regardless of what wage-formation
strategy they choose to adopt. Firms also behave homogeneously as regards desired investment,
which is not constrained by available savings. Plausibly, firms’ desired investment depends on
expected future levels of output production (relative to existing capital capacity) and effective
demand. Expected future levels of effective demand by a firm are positively related to current
effective demand, which is reflected in the profit share obtained by this firm on the predetermined
level of current output production. However, when an individual firm makes and implements (at the
same moment, for simplicity) investment plans, it is uncertain as to what wage-formation strategy
it (or, for that matter, any other firm) will be adopting at any given moment in the relevant future
for investment decisions. In fact, the determination of the mixed strategy as an evolutionarily stable
strategy in (23) takes firms as having limited and localized knowledge concerning the system as a
whole. Therefore, it is reasonable to suppose that desired investment firm varies positively with the

expected levels of capital capacity utilization and profit share.

The corresponding expectation-augmented investment function of a given firm i is formally

represented by:
(28) I.=Y f(c!,z"),
where o’ and 7 are, respectively, the expected levels of capital capacity utilization and gross

profit share of firm i, with fag >0 and fﬂE >0, and Y. denotes the output production of firm i.

We could alternatively specify that firms—even when adopting the same wage-formation strategy—
exhibit heterogeneous expectations regarding capital capacity utilization and gross profit share over

the relevant planning horizon. However, we specify that firms, by inescapably facing an uncertain
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future, uniformly and conventionally proxy their expected level of capital capacity utilization by their

respective current levels, which is the same for all firms, o, = 0, = 0. Meanwhile, uncertain as they

are about what wage-formation strategy they will adopt in the relevant future (and hence uncertain
about what gross profit share they will have, on average, in that future) firms uniformly and
conventionally proxy their expected level of profit share by the current level in (11). Thus, by setting

of =c” =0 and nf =x* = in (28), and recalling that all firms produce and sell the same

1

amount of the single good, sothat Y, =Y, =Y, we arrive at the following investment function for a
given firm i:
(29) I, =Yf(o,r).

As the investment behavior of all firms is described by the investment function in (29), it then follows

that the latter also describes the overall investment behavior, given that:
X 1

(29-a) I= .[W(a, m)di +IYf(G,7Z’)di =Yf(o,7),
0 X

with f, >0 and f, >0.

We define the short run as the time frame along which the proportion of base-wage firms,
X, the capital stock, K, the output level, Y, and therefore the capital capacity utilization, o, the
employment level, L, the aggregate labor supply (in natural units), N, and hence the employment
rate, v, are all predetermined. Regarding K, Y, and o, their uniform distribution across firms are
also predetermined by past production and capital accumulation decisions. The short-run supply-
demand equilibrium in the goods market, which is brought about by changes in the general price
level (and hence in the gross profit share in (13)), given that overall (and individual firms’) output is

predetermined in the short run, is defined by:
(30) S=1.

From (27-a) and (29-a) we get the short-run equilibrium gross profit share as an implicit

function of the capital capacity utilization:
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(31) 7=§(0), with 4 (5) =% >0,

T

Following Skott (1989a, 1989b), we assume that the condition represented by s> f_is satisfied,

which implies that the short-run equilibrium gross profit share in (31) is positively related to the
capital capacity utilization as well as stable. The substance of the demand-led price-adjustment

stability condition given by s> f_is that, all else constant, savings should be more responsive to

changes in the gross profit share than investment. This guarantees that any excess demand or supply
in the market for the single good is eliminated rather than exacerbated by changes in the gross profit

share.

The short-run equilibrium gross profit share in (31), which clears the goods market, is then
the value—together with the predetermined level of the employment rate, v —to which the

microeconomic state of the economy, summarized by the state vector (z,,w,,7,,z,,w,, 7)), has to

adjust. This adjustment brings about short-run equilibrium in the labor and goods markets, allowing
for the possibility of underutilization of both labor and capital capacity. Inserting the short-run gross

profit share in (31) into the system (24)-(26), we get the short-run microeconomic equilibrium:

(24-a) z,(p (v).4(0),v) = Lo® g z,(p () 4(0).v) = [Lj z, (P’ (v).9(0),V),
1-¢(o) I+c

: e [1-9(0)] . .
(25-a) w,(p (v),¢(o),v)=ze(p*(v‘; ¢(0),v):gl+cp*((:) and  y(p (v),qﬁ(a),v):[l-l_gcjwe(p v),8(c),v)

I+c¢ _1_(1+c)[1—¢(0)]

(26-a) 7,(p (v).4(0),v) =7 (p (v),9(0), V):l_ze Y Cop ()

Thus, the short-run microeconomic equilibrium in (23), which is the evolutionarily stable
wage formation strategy, and in (24-a)-(26-a) are parameterized by the predetermined levels of the
macroeconomic variables v and ¢, which in turn are endogenously time-varying as derived in the

next subsection. It is worth noting that an increase (decrease) in the employment rate raises (lowers)

the proportion of base-wage firms, given that p~ (v)>0 for all ve (v,1]]c R This, in turn, raises

(lowers) the gross and net markup factors and profit shares of both types of firms, while reducing
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(increasing) the base wage and the efficiency wage in the short-run microeconomic equilibrium

represented in (23) and (24-a)-(26-a). Analogously, given that 7=¢'(c)>0 for all ceR__, an

Ty
increase (decrease) in the output-capital ratio, which measures the capital capacity utilization, raises
(lowers) the gross profit share to restore short-run equilibrium in the goods market. This, in turn,
raises (lowers) the gross and net markup factors and profit shares of both types of firms, while thus
reducing (increasing) both the base wage and the efficiency wage in the short-run microeconomic

equilibrium.

The macroeconomic setting in which we formally embed the determination of the short-run
microeconomic equilibrium is based on Skott (1989a, 1989b), which does not explicitly consider
composition effects as those contemplated in (23) and (24-a)-(26-a).2 Nonetheless, one noteworthy
feature of this macroeconomic setting is that in it conditions in the labor market crucially matter for
the functional distribution of income, capital capacity utilization and output growth, which makes it
a suitable macrostructure to extend to feature heterogeneity in wage-formation strategies across
firms. Accordingly, one relevant implication of the extension carried out in this paper (on theoretical
and empirical grounds) is that the heterogeneous behavior by firms in the labor market as regards
wage-formation strategy (and the ensuing composition effects) likewise matter for the functional
distribution of income between wages and profits, capital capacity utilization and the rates of
employment and output growth. As shown in the next subsection, this implication is even more
relevant insofar as the mixed strategy constitutes the unique evolutionarily stable strategy in the
wage-formation game analyzed in this paper, with the efficiency-wage and base-wage strategies
being played with strictly positive probabilities that depend on the employment rate. As a result,
the specific mixed strategy and hence frequency distribution of wage-formation strategies across
firms (and the ensuing wage inequality) co-evolves with the employment rate. Therefore, conditions
in the labor market matter for the functional distribution of income, capital capacity utilization and
output growth along dimensions that extend beyond those originally articulated in Skott (1989a,

1989b).

8 In Skott (2023, Section 10.3), a slightly modified version of this baseline macroeconomic framework is
presented, together with corroborating empirical evidence; however, this recent analysis likewise does not
incorporate the compositional effects considered in the present paper.
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lll.b. Macroeconomic impacts on behavioral heterogeneity in wage formation and wage inequality

Let us now turn to the macroeconomic state transition. The capital stock of each firm is a
predetermined state variable at a given short run, and it varies endogenously over time according

to the following capital accumulation function:

(32) R -k -k=L_s,
K
where K =K /K is the proportionate growth rate of the capital stock and & is a strictly positive

depreciation rate, which is an exogenously given constant homogeneous across firms.

Drawing on Skott (1989a, 1989b), the output production of each firm is also a predetermined
state variable at a given short run, and it is assumed to change endogenously over time according

to the following common output expansion (or growth) function:®
(33) Y, =Y =h(z,v), with 2, >0 and h, <0.

Therefore, we assume that firms behave homogeneously as regards output expansion plans. The
expression in (33) reflects the fact that current output levels are predetermined by production
decisions previously made. If we assume for all firms that the production lag involved is short enough
and that the time path of output production is smooth, the effects of this production lag can be
captured by specifying the growth rate of output production at a given moment in time as the
decision variable at such moment in time. Given the expectational factors and adjustment costs
involved in the change in the growth rate of output, the growth rate of output of efficiency-wage
firms and base-wage firms can be reasonably specified to depend on the level of received demand
relative to current output production—which determines the gross profit share in (31)—as a
conventional proxy for the expected demand—and thus the respective expected gross profit shares

zF and zf —and the conditions in the labor market. Recall that the frequency distribution of wage-

formation strategies across firms is determined as an evolutionary equilibrium outcome in (23),

%In Skott (2023, section 10.3), the capital capacity utilization features as an additional determinant that
negatively affects the growth rate of the output. However, this extended specification does not alter the
model’s principal qualitative implications, particularly with respect to the emergence of endogenous cyclical
dynamics.
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which shows that the mixed strategy—namely, adoption of each of the two available strategies with
a strictly positive probability—is an evolutionarily stable strategy. At a given moment in time,
therefore, an individual firm can be seen as having predetermined its current output production.
This predetermination, however, is made by efficiency (base) wage firms on the basis of the
expected level of effective demand (and therefore the expected level of the gross profit share) to
be received as an efficiency (base) wage firm for the predetermined level of output, while the
current overall conditions in the labor market, as measured by the employment rate, are also
predetermined. Hence, it is plausible to assume that both efficiency-wage firms and base-wage
firms, whenever deciding on the rate of growth of their output production, conventionally proxy
their respective expected gross profit share by the current gross profit share. In fact, this assumption
was already introduced in our specification of investment behavior in the preceding subsection. This
provides the substantive rationale for the specification of the homogeneous output expansion

function in (33).

Given that c =Y /K , it follows that ¢ = Y-K. Hence, we can use (32) and (33) to rewrite

this expression as follows:
(34) o =h(rx v)—i+5
b K *

Finally, by substituting (31) directly in (34) as well as substituting (31) in (29-a) and substituting the

resulting expression in (34), we can derive the equation of motion for the capital capacity utilization:
(35) d':G[h(gé(a),v)—0f(0,¢(0))+5].

Let us now derive the equation of motion for the employment rate. The employment level

can be defined as:
x 1
(36) L= Ldi+| Ldi=xL,+(1-x0L,.
As all firms produce the same amount of the single good, so that Y, =Y, , and also recalling that

Y
g=¢,/¢, , fromthe production functions specified in (1) and (2) we can establish that L, = - and
&

27



Y 17 Yy Y -1\7,
L =-t=—"2 sothat [, - L, =—b——":(8—J—b>0. Given this and considering (23), we can
g, €&, & € e Jg,

e e

then rewrite the preceding expression for the level of employment in the following way:

b b

(36-a) L=p*(v)§+[1—p*<v)]§{p*(vn[l—p*(v)]ﬂf—b=E+(%ljp*(v)}£

When the employment rate increases (decreases), the proportion of base-wage firms rises (falls), as
the efficiency-wage strategy becomes relatively less (more) attractive, given that the cost of job loss
(expected alternative wage) in (6) falls (rises). Meanwhile, an increase (decrease) in the proportion

of base-wage firms is associated with a rise (fall) in the employment level in (36-a), given that

Y (e-1
L-L = —(—j >0 . As aresult, an increase (decrease) in the employment rate impacts positively
£

)
(negatively) on the employment level in (36-a).
Based on (36-a), we can obtain the rate of growth of the employment level as follows:

e\ s L8 e [B % (1) v
0 G i o
(37) zz = +—.

|:1+(‘9_1)p*(v)}yb 1+(€_1j *(v) Y,
& & &, & &

Thus, considering that the growth rate of the labor supply (in natural units) is an exogenously given

constant n € R, and using (33) and (37), we can express the rate of growth of the employment

rate as follows:

V_L_,_|e=Dp 0w |V _
(38) o n {lwt(s—l)p*(v)]v+h(¢(0_)’v) n.

It follows from (38) that the ordinary differential equation describing the dynamics of the

employment rate is given by:
(38-a) v=w)h(¢(a),v)-n],

where
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1+é*&4)@—3)
(39) ()= e—(+c) v)

Regarding the function above, it should be noted that the numerator in (39) is strictly positive for all

ve(n,1]cR (a condition assumed to be satisfied earlier), considering that ve(0,1)CcR, but y(v) is

%@—nj

o v=v, given that the denominator in (39) vanishes at this point. It should
& —(l+c

not defined at v :[

2¢(e-1 _
be also noted that %—I-)) >1 forany £>1, sothat V>V forall £>1. Therefore, disregarding the
& —(l+c

specific cases with v=v and v >1, a single economically relevant possibility remains to be analyzed:

y<v<l,

If ve(»,1]cR, the denominator in (39) does not vanish for all ve{(v,v)U(¥,1)} CR. In this case,
if ve(v,v)CcR, the denominator in (39) is strictly negative, so that ¥(v)<0 for all ve(v,v)CR. The
substance is that an output expansion above the rate of growth of labor supply (in natural units),
h(¢(o),v)—n >0, generates a less than proportional growth in the employment level (owing to the
relatively strong labor productivity differential for efficiency-wage firms caused by the employment
rate not being relatively so high), thus generating a fall in the employment rate, v < O . Meanwhle,
if ve(v,])c R, the denominator in (39) is strictly positive, implying that ¥(v)>0 for all ve(v,I)cR . In
this case, an output expansion rate above the rate of growth of labor supply (in natural units),
h(¢(c),v)—n>0, causes a more than proportional growth in the employment rate (owing to the

relatively weak labor productivity differential for efficiency-wage firms induced by the employment

rate being relatively so high), thus generating an increase in the employment rate, v > 0. In fact,
a stronger implication follows. From (39), it can be inferred that ¥(v) >1 for all ve (v,])c R, which

implies that, in this model, relative to the formulation in Skott (1989a, 1989b), (38) implies that

|\3|=(//(v)‘h(¢(0),v)—n‘>‘h(¢(0'),v)—n‘ for all ve(v,])cR. Accordingly, for a given differential

’

h(¢(0'),v) -n

between the growth rates of output and aggregate labor supply (in natural units),
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the heterogeneity in wage-formation strategies across firms, as represented by (), amplifies the

5> |n(d(o),v)-n].

effect on the rate of change of the employment rate,

Although the image of the function y specified in (39) changes sign over its domain given

by ve{(v,v)u(v,])} cR, this function is strictly decreasing with respect to changes in the employment

rate, since:

ele-1) ele—-1) v

—(I+0¢) _+g—(L+d Vv =\ i(m
(40) ') =— £ V) < forall vel(r,7)u(T,D}cR.

1+6<€—1>(1_2zj
e—((+c¢) v

As w(v)=0, y(v)<0 for all ve(v,y)cR and limy'(v)=—o, it follows that limy(v)=—0 such
that the function y is asymptotic to the vertical line intersecting the v-axis at v. Similarly, since
y(v)>0 for all ve(v,])cR and lim y'(v) = o0, it follows that lim y/(v) = such that the function

w is asymptotic to the vertical line intersecting the v-axis at v. In particular, it is important to note

+ g(‘;—:)) (1-v)
that limy(v) =y ()= — 1€ >0,
vl n e(e-1) (1_22)

e—(+c)

Accordingly, whether ¥(v)<0 or ¥(v) >0 crucially matters for the stability properties of the
equilibrium configuration (0'*,v*) satisfying 6 =v =0 in the coupled differential equations specified
in (38-a) and (35) and defined over the state space ® = {(v, o)e Ri v<v< 1}. Consequently, this

also bears on the specific microeconomic equilibrium values in (26-a)-(28-a), as well as on the degree
of heterogeneity in wage-formation strategies across firms, as characterized by the evolutionarily
stable strategy in (23). When ¥(v)<0, the equilibrium solution (¢',v") satisfying 6 =v=0 is locally
saddle-point unstable. By contrast, when ¥(v)>0, as demonstrated in Appendix B, the existence of

a limit cycle (not necessarily unique) can be established in a formal manner qualitatively analogous

to Skott (1989a, 1989b), although those contributions abstract from compositional effects of the
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type captured in (24-a)—(26-a). In the model developed here, the employment rate may undergo
endogenous, self-sustaining fluctuations qualitatively similar to those in Skott (1989a, 1989b), for
which corroborating empirical evidence is offered in Skott (2023). As a result, persistent inequality
in labor productivity, as well as in wage and employment levels across otherwise observationally
equivalent workers—stemming from the mixed strategy constituting the sole evolutionarily stable

strategy of wage formation—may likewise exhibit analogous endogenous fluctuations.

The qualitative properties of cyclical macro- and microeconomic fluctuations are common to
all limit cycles; accordingly, the closed orbit depicted in Figure 1 can, without loss of generality, serve
as a reference for describing the representative phases of the economy’s endogenous cyclical
dynamics. Consider the economy at point 4 on this closed orbit, where both the output—capital
ratio—which measures the capital capacity utilization rate—and the employment rate are relatively
high (i.e., above their respective equilibrium levels). From this configuration, the relatively low level
of excess capital capacity stimulates overall capital accumulation at a rate exceeding that of output
growth, leading to a decline in the output—capital ratio. Meanwhile, the employment rate (and
hence the proportion of base-wage firms) continues to rise until the system reaches point B . At this
juncture, the labor market becomes tight and, owing to the increase in working-class bargaining
power (the class-struggle effect), the output growth induces a deceleration in the employment
growth relative to the growth rate of the aggregate labor supply. In addition, in the present model,
although the wage-formation distribution effect (i.e., the influence of the employment rate on the

frequency distribution of wage-formation strategies across firms), as summarized by ¥(v), does not
directly determine the reversal in the direction of the growth rate of the employment rate at point
B, it nonetheless accelerates the system’s approach to this point, given that it has been established

earlier that v| (v)‘h (0) v ‘ ‘h #(o0), v) ‘ for all (v,0)€0® . Moreover, during the

transition from point 4 to point B, the opposing movements of o and v exert countervailing
effects on the short-run microeconomic equilibrium. While the decline in o reduces 7 —thereby
lowering gross and net factor markups and profit shares associated with each wage-formation

strategy and increasing both the base wage and the efficiency wage—the rise in v increases the
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proportion of base-wage firms, which, in turn, raises these gross and net factor markups and profit

shares while exerting downward pressure on both wages.

In the transition from point B to point C, the output—capital ratio continues to decline,
thereby discouraging overall investment and hence capital accumulation; as a result, short-run
equilibrium in the goods market is sustained through a reduction in the gross profit share. At this
stage of the cyclical dynamics, the employment rate begins to fall due to the class-struggle effect,
which, in turn, dampens the output growth rate. This adjustment in the employment rate is then
further accelerated by the wage-formation distribution effect represented by (V). During the
transition from point B to point C, the movements of o and v operate in the same direction.
The decline in 0 reduces 7, while the fall in v lowers the proportion of base-wage firms; both
transmission channels act to reduce gross and net factor markups and profit shares associated with

each wage-formation strategy, while increasing the base wage and the efficiency wage.

At point C, the output—capital ratio attains its minimum over the cycle. The subsequent
joint recovery of the capital capacity utilization and gross profit share is driven by the incentive to
output expansion generated by the continued fall in the employment rate toward point D, a
process further reinforced by the wage-formation distribution effect, as captured by ¥(v). During

the transition from point C to point D, the movements of o and v again proceed in opposite
directions. While the increase in ¢ raises 7, thereby increasing gross and net factor markups and
profit shares associated with each wage-formation strategy and reducing the base wage and the
efficiency wage; the decline in v lowers the proportion of base-wage firms, thereby reducing gross
and net factor markups and profit shares corresponding to each wage-formation strategy and hence

increasing both wages.

At point D, the employment rate reaches its minimum over the cycle, the labor market
loosens, and—due to reduced working-class bargaining power (i.e., a weaker class-struggle effect)—
the output growth induces the employment growth to exceed the growth rate of aggregate labor
supply. From point D onward, both the employment rate and the output—capital ratio increase

toward point 4. During this phase of the cycle, the expansion of both o and v leads to higher
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gross and net factor markups and profit shares corresponding to each wage-formation strategy,

while reducing the base wage and the efficiency wage.

g
A

Figure 1. Endogenous economic fluctuations

The cyclical behavior of the employment rate, v, depicted in Figure 1 crucially influences

the evolution of the efficiency wage, w,, relative to the average wage, given by w=ww!™". More

specifically, (25) and (27-a) imply that w, /w=(w,/w, ) =(&/(1+¢))" ™ Consequently, during the
expansionary phase of the cycle, when v increases (from point D to B), the ratio w,/w rises,

implying an expansion in the wage differential between workers employed by wage-setting firms
and the average wage prevailing in the economy. Conversely, during the contractionary phase, when

v declines (from point B to D), this wage differential narrows.

As expected, the behavior of the employment rate over the cycle depicted in Figure 1 also
crucially affects average labor productivity, defined as & =x¢, +(1—x)g,. Using (25) and (27-a),
average labor productivity can be expressed as a function of v: & = p"(v)g, +[1— p (v)]e, . Hence,

during the phase of the cycle in which v increases (from point D to B ), average labor productivity
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declines, since 0&/0v = (g, —ge)p*'(v)<0. Conversely, during the phase in which v decreases

(from point B to D), average labor productivity rises.

In fact, the change in U.S. labor productivity from procyclical behavior to substantially
weaker—and at times apparently countercyclical —behavior after the mid-1980s has been widely
documented. Gali and Gambetti (2009) show that, prior to the mid-1980s, labor productivity was
approximately acyclical or mildly procyclical when measured relative to hours, whereas in the
subsequent period it becomes countercyclical. Stiroh (2009) reports that the correlation between
hours growth and labor productivity growth declines from 0.01 over 1947-1983 to —0.42 over
1984-2004. Assessing cyclicality relative to GDP, Fernald and Wang (2016) find that labor
productivity shifts from strongly procyclical prior to the mid-1980s to considerably weaker and, at
times, acyclical thereafter, with episodes of mildly countercyclical behavior (e.g., the early 1990s
and 2008-2009). Similarly, Garin et al. (2018) document that the correlation between output and
labor productivity declines from 0.64 in the pre-1984 period to —0.08 thereafter. They attribute
this shift to a move from aggregate to reallocative shocks, with labor reallocation toward expanding
sectors raising productivity in downturns. Gali and van Rens (2020) show that the correlation
between labor productivity and employment declines markedly after 1985, becoming significantly
negative, with estimates ranging from —0.42 to —0.56 for output per hour and from —0.13 to

—0.30 for output per worker.

IV. Conclusions

The dynamic model developed in this paper features the choice of wage-formation strategy
by firms as determined by the game-theoretic equilibrium notion of evolutionarily stable strategy.
The unique evolutionarily stable strategy is the mixed strategy, with the probability of choice of each
wage-formation strategy available to firms (wage-setting and wage-taking), which is strictly positive,
varying with the employment rate. Specifically, a higher employment rate reduces the proportion
of efficiency-wage firms. Inequality in labor productivity, as well as in wage and employment levels,
among otherwise observationally equivalent workers therefore constitutes a persistent structural
feature of the labor market. In effect, there is empirical evidence that inter- and intra-industry wage

inequality does exist, is of non-negligible magnitude and is persistent over longer periods of time.
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Importantly, these features of wage inequality across workers are found in the empirical literature
after controlling for observable characteristics such as schooling or human capital, gender, skill level,
years of experience, and related ones. In the model developed in this paper, we address potential
confounding from observable characteristics by assuming that labor is homogeneous across all
dimensions, with the possible exception of on-the-job effort provision, which is endogenously
determined by wage compensation. Therefore, the persistent inequality in labor productivities, as
well as in wages and employment levels, generated endogenously by the model emerges among

workers who are otherwise observationally indistinguishable.

The expansion of output is negatively affected by the employment rate owing to adjustment
costs. Thus, the adoption of the efficiency-wage strategy, by minimizing the cost of labor per unit of
effort, is an alternative wage-formation strategy potentally capable to better deal with the higher
adjustment costs associated with higher employment rates. Yet, the adoption of the efficiency-wage
strategy involves an information cost not involved in the adoption of the wage-taking strategy,
which is to compensate workers with the wage rate determined in the non-efficiency-wage segment

of the labor market.

The overall level of economic activity—measured by the employment rate, capital capacity
utilization, and the output growth rate—as well as distributive variables such as gross and net profit
shares, is jointly determined by aggregate effective demand. A central feature of the model is a
feedback mechanism connecting cross-firm heterogeneity in wage-formation strategies—and the
associated dispersion in labor productivities, wages, profit shares, and employment levels—to the
employment rate. This rate, together with capital capacity utilization and output growth, may
exhibit endogenous, self-sustaining cyclical fluctuations over time. This implies that inequalities in
labor productivities, wages, and employment levels across otherwise observationally equivalent

workers may also display similar cyclical dynamics.
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Appendix A. Coexistence of base-wage and efficiency-wage strategies

Considering Theorem 1 established and demonstrated by Crawford (1992, p.304), the mixed
strategy p =(p ,1—p") will be a large-population ESS, as defined by the condition specified in (22)
in the text for the large-population playing the field game in question, if p’ is a strict, symmetric
Nash equilibrium in that game, and there exists a neighborhood of x =p" in which E(p|X) in (21)

is continuous in X=(x,1-x) forall p=(p,1-p).

Given that the functions in (19) and (20) are continuous for all x € (x,,1]c R, it is straightforward
to realize that the expected payoff E(p|X) in (21) is indeed continuous in X=(x,1-Xx), with
xe(x,l]c R, forall p=(p,1-p),with pe(x,,1]cR.

Given the continuity of the expected payoff in (21), in order to determine whether there exists a

large-population ESS we just need to find the strict, symmetric Nash equilibrium, that is, the mixed
strategy p' =(p,1—p’) such that E(p" |p’)>E(p|p ) for any p #p . In other words, we need
to look for the mixed strategy p" =(p ,1—p’) which is not invadable by any other strategy

p=(p,1—p)=p . If there is a mixed behavioral strategy p" =(p ,1—p’) that, if adopted by all
firms in the economy, it cannot be replaced or invaded by a different strategy, then the mixed

behavioral strategy p* =(p",1— p") will be a large-population ESS.

Since the functions in (19) and (20) are well defined for any x = p" € (x,,1] = R, it follows from (21)

that
(A.1) E(p|x=p")=pz,(p’,7.v)+(-p)z,(p,7,v)
is differentiable atany p e (x,,I]c R.

If there exists a maximizer of the expected payoff in (A.1) in the open interval (x,,1)c R, the

following first-order (necessary) condition has to be satisfied for any p” e (x,,) c R:

OE(p|x=p)
op

(A.2)

’

:”b(p*>”’v)—7ff(p*,ﬂ,v):{HC‘(g[p* _:CC(V)]H 1

p z(p’7,v)
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where the second equality was obtained by using the profit shares in (19) and (20). Recalling that

x,(v) =1—% €(0,)cR forany ve (v,1]1c R, it then follows from the expression for the gross

I-p +&lp —x.(v)] 0
-7

markup factor applied by efficiency-wage firms in (14) that z,(p ,7,v) =

for any p" e(x,,1)c (0,1]c R and ve (v,1]c (0,]]c R. Therefore, (A.2) will be satisfied if, and

only if, the following condition is satisfied:

(A.3) 1+C_[Mj=o,
p
Inserting x, —1-2 into the condition above, we obtain the expression for p” in (23). Given that
1%
. £ v
ve(0,])cR, it follows that 0<p =——— | 1-=|<1 for all ve(0,1)c R, if the following
e—(1+¢) 1

restrictions are satisfied:

(A.4) e>1+c,

and

(A.5) Y S,
1+c

To conclude the proof of existence and unicity of the mixed behavioral strategy p’ =(p',1-p") as

a large-population ESS, just notice that at X=(1,0) (recall from the text that Xx=(0,1) cannot be an
equilibrium), given (A.5), the derivative in (A.2) is strictly negative, that is:

OE(p|x=(1,0))

(A.6) o

:ﬂ.b(l’ﬂ-’v)_ﬂ:(],ﬂ',v):[1+c—8[1—xc(v)]]ﬁ2[1+c—g_zj(l—ﬂ'j<0-
Z, /Y

This means that any mixed strategy p =(p,1—p) that assigns a probability (1-p)€(0,])c R to

playing the efficiency-wage strategy in the neighborhood of the pure strategy X =(1,0) will yield a
payoff strictly greater than the payoff yielded by the base-wage strategy, so that the pure strategy

x=(1,0) is invadable and, consequently, is not an ESS.
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It follows that we can infer that the probability p” €(0,1) = R is, in fact, the maximizer of the
expected payoff in (A.1) in the interval (x,,1] < (0,1]c R. Thus, based on Theorem 1 established

and demonstrated by Crawford (1992, p.304), we can then conclude that there exists a unique ESS

in our large-population playing the field game.
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Appendix B. Existence of a limit cycle
Consider the coupled differential equations specified in (38-a) and (35) and defined on the state
space O = {(v, o)eR’ v <y< 1}. Since ¢ (v)>1 forall ve (v,1]c R, an equilibrium configuration

(v',o") eint® (see point E in Figure 2) is implicitly defined by the following system:

(B.1) h(p(a").v')-n=0,
(8.2) (o) )-o"f(o".4(c"))+5=0.

For a given o , we assume that lim h<¢(a*),v) >n and limh(¢(a*),v) < n. By continuity of the
vl

function # , these properties ensure the existence of a unique value v’ € (v,1) c R such that (B.1)
holds. It follows from (B.2) that U*f(O'*,¢(O'*)) =0 +n. According to Skott (1989, p. 245), when o
takes on small values, we have o f(o,¢(c)) <8, such that o/ (o,¢(c)) <5 +n. Moreover, given
(28) and (31), we know that o f (o,¢(c)) is both strictly increasing with respect to o and
unbounded above. As a result, by continuity of f, there exists a unique value o R, satisfying

(B.2). In sum, under the assumptions on the behavioral functions in (28) and (33), conditions

lim h(¢(a*),v) >n and limh(¢(a*),v) < n jointly guarantee the existence and unigueness of the
v—1"

vy’

equilibrium configuration (v',0' ) €int®.

The Jacobian matrix of the dynamical system defined by (38-a) and (35), evaluated at the equilibrium

configuration (v',o") €int®, is given by:

YORO | VY OROFO)
o'h() |0 (hOFO-O-0 (£O+LOF0O)) |

(B.3) JO,o) =

whose determinant and trace are, respectively, given by:
(8.4) detJ = (v',0") ==y () h,O[fO+0" (£,0+ £.0F0))]

and
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(8.5) wJ(,0) =V OO+ (hOFO-FO -0 (£,0+10F0)).

As in Skott (19893, p. 238-240), we have det J(v',o ) >0, since w(v') >1, while tr J(v',o ) hasan

indeterminate sign. As argued by Skott (1989a, p. 238), “[s]tability cannot be ruled out, but

instability is the more likely outcome. The main factor which makes for instability is a fast
adjustment speed of output outside short run equilibrium.” Therefore, although w(v') >1 acts as

an additional stabilizing force (recall from (33) that 4, <0), which is absent in Skott (1989a, 1989b),
we follow Skott (1989a, 1989b) in assuming that tr J(v',o ) > 0, thus implying that the equilibrium

configuration (v',o ") is locally unstable.

Drawing on Skott (1989a), we reformulate the model using the transformed variables & =1nv and
p=Inc . This allows us to derive the following ordinary differential equations, which are

respectively equivalent to (38-a) and (35):

(8.6) & =y(e)| h(ge)e ) =n],

(B.7) B=h(ge"),e)=e 1 (e, d(e"))+5.

Given that the state space of the original system is ® z{(v,a) € Ri v <v£l}, the space state of

system (B.1-a)-(B.2-a) is Z= {(a,ﬂ) eR:a=hv<a< O} , cf. Figure 2 below.

Qg 0, a-6 ay

Figure 2. A positively invariant set containing the equilibrium (v* 5 O'*)
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Let F(a,ﬁ)zh(¢(eﬂ),e“)—eﬁf(eﬁ,¢(eﬁ))+5=0 denote the implicit function that defines the
=0 isocline, and let #=y(a) denote the function defined implicitly by (e, ) =0, such that

[(a,y(a))=0.

As lim y(e”)=+ and linl 7(a) is finite, there exists an intersection between the w(e”) curve
a—->a

a—at

and the ,B =0 isocline (see point a in Figure 2). Let («,,5,) denote the value of the coordinates
at this intersection point.
Let A(a,f) = h<¢(eﬂ),eﬂ)—n =0 denote the implicit function that defines the & = 0 isocline, and

let and f# = A(@) denote the function defined implicitly by A(a, ) =0, such that A(a,A(a))=0.
According to Skott (1989a, p. 241), the & = 0 isocline is such that “[f]or low rates of employment

the curve will be flat but as e [V in our notation] approaches unity the curve rises sharply.” This

property implies that lirg AMa)=0. As a result, there exists an intersection between the 3= f3,
a—>
line and the & =0 isocline (see point & in Figure 2). Let o, denote the value of the abscissa & at

this point. Along the straight-line segment ab , the velocity vector (0'5,,3) points toward the

southeast.

According to Skott (19893, p. 245), when [ takes on small values, we have eﬂf(eﬁ,(b(eﬁ)) <0, so

that, by (B.2):
(B.8) B=h(ge”).e”)>h(p(e”).e)=n, forall f< 5,

where f, denotes the threshold below which capital capacity utilization and profitability are

sufficiently low to render the rate of net accumulation strictly negative. From (39), we know that

w(e”)>1 forall @ €(@,0]c R. Thus, from (B.1-a) and (B.6), we obtain:

(B.9) ()2 p(e)h(pe").e")> y/(e“)[h(¢(eﬁ),ea)—n} —a,forall B< ..
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Consider the straight line f— 5, =a —«,, with S, < f,. It is straightforward to verify that this line
intersects the line o =, (see point ¢ in Figure 2). Along the straight-line segment l;' the
velocity vector (d,ﬁ) points toward the southwest. There is also an intersection between the
straight line f—f =a—a, and the B =0 isocline (see point 4 in Figure 2). Let B, denote the
value of the abscissa [ at this intersection point.

Let us analyze the vector field along the straight-line segment cd , Which forms part of the boundary

of the following region of the state space:

(B.10) A={(a.f)eZ:a<a,a<0,<0,f-p 2a—a,}.

By (B.9), we know that w(e*)3 > ¢ and, for all (&, 8) € A, where & <0 and w(e”) >1, we have
& >p(e”)a. As a result, y(e) B >w(e“)a for all (@, ) on the boundary cd , where & <0 and
BS 0. Consequently, ﬂ > ¢ for all (&, ) on the boundary cd . Given that a <0 and /?S 0 on
the boundary c_d, the inequality ,B >« implies that|02| >‘ﬂ‘ along this boundary. Now consider
the general equation of the straight line represented by G(a,f)=a - +a,—, =0, which is

associated with the segment cd . From this, the gradient vector is then represented by

VG(a, B)=(0G/0a,0G/6B)=(1,-1). It follows that the dot product along the boundary cd is
given by VG(a,ﬁ)'(d,,B)=d—B<0, since ¢ <0, BSO, and |06| >‘,5‘ on this boundary. Thus,

along the boundary cd , the velocity vector (02,,8) points inward toward the region 4 defined in

(B.10).

Next, we proceed to the analysis of the vector field along the straight-line segment de on the line

B = f, in Figure 2, which forms part of the boundary of the following region of the state space:
(B.11) B={(a,B)eZ:p>p,,a<0,3>0}.

It is straightforward to verify that along the line straight-segment de the velocity vector (02,,3)

points in the northwest direction, i.e. inward the region B defined in (B.11).
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We now focus on the straight-line segment ef in Figure 2. The aim is to show that, along this

segment, the angle between the gradient vector and the velocity vector is acute. To this end, and

drawing on Skott (19893, p. 245), we first define the following benchmark abcissa:

(B.12) a =min{a:(a,p)eC},
where
(B.13) C=Bn{(a,p)eZ:[=0}.

As noted by Skott (19893, p. 245), a exists and is finite because the set C is compact.

We now define two other subsets of Bin (B.11) as follows:

(B.14) D=Bn{(a,f)eZ:a<a-0o}
and
(B.15) E=Bn{(a,f)eZ:a=a-0}

where 0 e R, is a constant. Since the set E is compact, there exists a lower bound u for the

velocity of £ in this set, that is,

(B.16) p=min{f(a,B):(a, ) € E},

where B(a, B) denotes the velocity of [ at a state (&, ) . As observed by Skott (1989a, p. 245),
we know that 8f3/0a = h (-)e* <0 for all (at, f) € Z and u >0, since for any (@ =9, f) € B there
isa & 2 Q such that f(a,f)=0. Furthermore, given that 83/0a = h (-)e” <0 for all (&, f) € Z

and (@—9,p) € E forall (¢ —0,0)€e D, it follows that:
(B.17) B> u forall (a,f)eD .

Turning to the velocity &, and noting that dca/oa = h,(-)e” <0 and da/0p =h_()¢'()e” > 0 for all

(a, ) € Z, we can establish that:

(B.18) a > forall (a,f)eD,
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where w =a(a -7, ;) is strictly negative and finite.

Based on (B.10) and (B.15), we can define the general equation of the straight line represented by
H(a,p)= 5(05 —(a —5))—w(ﬂ—ﬂ3) =0 associated with the straight-line segment ef . From this
representation, the gradient vector is given by VH («, ) =(0H/oa ,0H/0pB) = (&,—w) - It follows
that the dot product VH(a,ﬂ)'(d,ﬁ) zgd—a),B is well defined along this segment. We require
that, along the boundary e7”, this gradient be nonegative. On the basis of (B.17)-(B.18), we have
of <wu and ea > gw for all (a,f)e D, respectively. Hence, we can infer that e¢ > g3, so
that VH (a, 8) (¢, ) = € — wf3 > 0. Therefore, along the boundary ef , the angle between the

gradient vector and the velocity vector is acute.

Finally, it is straightforward to verify that, along the straight-line segment c? —defined by the two
endpoints («,,,) and (a,, B,), with the latter corresponding to the intersection with the straight-

line segment g‘ —the velocity vector (02,,3) is oriented in the northeast direction.

Therefore, we can define the following compact and positively invariant set:
£
Q={(a,p)eZ:a,<a<a,B,<B<PB,.B-B 205—051}(\{(05,@eZ:,H—ﬂ3 2;(0{—(0_5—5))}

(B.19)
m{(a,mez:ﬁ—m2(—ﬂ2‘ﬂ4)<a—a4)}
a,—a

0" %y

Since the equilibrium (o', 8)=(Inv',Inc") €intQ is locally unstable and the set Q is compact and

positively invariant (i.e., closed and bounded, and invariant under the flow so that trajectories
starting in the set remain in it for all forward time), it follows from the Poincaré-Bendixson Theorem
(cf. Hirsch et al., 2004, Section 10.5) that a limit cycle exists. Specifically, a trajectory with initial

condition (a,,,)eQ\{(a",B)} converges to, or coincides with, a closed orbit contained in

Q\{(a", f)}
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